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Abstract
Many cardiovascular surgeries involve very complex operations on the heart,
the cardiac blood vessels, and other soft tissues. At present, cardiac surgeons
rely mostly on echocardiography, cardiac catheterization and CT/MR images
to understand the specific anatomical structures of a patient. They often re-
sort to manual drawing to visualize the surgical procedures and the expected
results. This approach is not precise and is impossible to provide detailed
information about the possible outcome of the surgical procedures. To im-
prove the precision and effectiveness of cardiovascular surgery planning, novel
computer simulation systems are needed.
Among the existing surgery simulation systems, reactive systems attempt to
simulate real-time response of body tissues according to user inputs that emu-
late surgical operations. They are useful for medical training and preoperative
planning of simple surgical operations. However, to use a reactive system
for predicting the results of complex surgeries, the surgeon would need to
go through all the detailed surgical steps, which is very tedious and time-
consuming. Predictive systems, on the other hand, produce the results of
surgical procedures given a small amount of user inputs. They allow the sur-
geon to easily explore various surgical options and determine the best ones.
At present, few predictive simulation systems have been developed for open
surgeries, and none for complex cardiovascular surgeries.
This thesis presents a predictive simulation system for preoperative planning
of complex cardiovascular surgeries. To develop this simulation system, surgi-
cal requirements from the surgeon’s perspective are first analyzed. These re-
quirements are translated into system requirements that define the simulation
system. Predictive simulation algorithms are then developed to accomplish
the requirements of simulating the surgical procedures and predicting possible
surgical outcomes based on a small amount of user inputs.
In predictive simulation of complex cardiovascular surgeries, the deformation
of blood vessels needs to be simulated accurately and efficiently. This thesis
presents a novel hybrid approach to achieve this task. It binds a reference
Cosserat tree to the surface mesh of the blood vessels. The reference Cosserat
tree is a tree structure of Cosserat rods that explicitly model the stretching,
bending, and twisting of the blood vessel branches, while the surface mesh
models the surface details. The deformation of the hybrid model is achieved
by first deforming the Cosserat tree based on Cosserat theory, then deforming
the surface mesh according to the binding to the Cosserat tree, and the sur-
face’s local bending and stretching energies. In this way, the deformation of
blood vessels can be simulated accurately and efficiently. In addition, explicit
modeling of the important characteristics of the blood vessels, such as the
bending and twisting strains, facilitates the evaluation of the surgical results.
The predictive simulation system is demonstrated on various surgeries includ-
ing neo-aorta reconstruction, bidirectional Glenn shunt, arterial switch opera-
tions, extracardiac total cavo-pulmonary connection, and Norwood procedure.
For bidirectional Glenn shunt simulation, qualitative and quantitative com-
parison of the simulation results and postoperative CT images of the patients
are also presented to validate the accuracy of the proposed hybrid blood vessel
model and the predictive simulation system. The test results show that the
predicted blood vessels are similar to the postoperative blood vessels.
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Congenital birth defects are now a major cause of perinatal and infant morbidity and
mortality [TTT∗05]. In particular, out of 1000 live births, 23.99 have some form of birth
defects, with 9.07 being congenital heart defects (CHD). The incidence rate of CHD world-
wide is 10 to 12 per 1000 live births [Hof95]. With a world-wide population of 6.8 billion
and an average birth rate of 19.95 per year per 1000 total population [Wik09], it is expected
that about 1.2 million newborns each year suffer from CHD.
Many cardiovascular surgeries for treating CHD, such as arterial switch operation (ASO)
and Fontan procedures, involve very complex surgical operations on the heart, the car-
diac blood vessels and other soft tissues [GS04]. Figure 1.1 shows a typical CHD called
the transposition of the great arteries (TGA) and its surgery of choice ASO. In TGA
(Fig. 1.1(a)), the aorta and the pulmonary artery of the patient arise from the wrong ven-
tricles compared to a normal heart (Fig. 1.1(c)). To treat TGA, ASO disconnects the great
arteries from their roots, switches them to reconstruct the neo-aorta and neo-pulmonary
artery, and relocates the coronary arteries to the root of the neo-aorta (Fig. 1.1(b)). The
whole procedure of ASO is very difficult and complex. In addition to the procedural com-
plexity, difficulties of performing such cardiovascular surgeries also lie on the small size
and the variation of infants’ anatomical structures. For different infants with different
anatomical structures (e.g. Fig. 1.3), different variations of cardiovascular surgeries need
to be considered and performed. Therefore, delicate techniques and careful preoperative
planning are very important for the success of the surgeries.
At present, cardiac surgeons rely mostly on echocardiography, cardiac catheterization,
CT and MR images of the heart (Fig. 1.2) to understand the specific anatomical structure
of a patient. Without an appropriate planning and visualization tool, they have to resort
to manual drawing to visualize the complex surgical procedures and the expected surgical
results. This approach is imprecise and is impossible to provide details about the possible
outcome of the surgical procedures. As a result, current cardiovascular surgery planning
procedure depends entirely on the experience of the cardiac surgeon.
1
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(a) (b) (c)
Figure 1.1: Example of congenital heart defect. (a) In a heart with transposition of the
great arteries, aorta (AO) and pulmonary arteries (PA) arise from the wrong ventricles.
(b) Blood vessels repaired by arterial switch operation. (c) Normal heart.
(a) (b)
Figure 1.2: CT image of a patient’s heart. (a) CT slices. (b) Volume rendering of the
images with adjusted pixel opacity to reveal anatomical details.
To improve the precision and effectiveness of cardiovascular surgery planning, computer
simulation systems that perform planning and simulation of these surgeries are needed.
These systems should be able to help the surgeons to easily explore various surgical op-
tions, predict and visualize the surgical results of different options, accurately evaluate
the surgical results, and determine the best surgical options.
1.2 Surgical Simulation Systems
Many surgical simulation systems have been developed over the last decade. Among them,
real-time simulation systems attempt to simulate real-time displacement and deformation
of body tissues in response to user inputs that emulate surgical operations such as incision,
resection, opening, suturing, etc. [BG02, KCRD02, KCM00, SM06b, SSM07]. These sys-
tems often provide haptic feedback that allows the user to feel the forces while interacting
with the virtual objects. They are called reactive systems in this thesis since they react
in real-time to user inputs and produce real-time simulation results.
Reactive systems are useful for medical training and preoperative planning of simple
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surgical operations. However, they are not suitable for predicting the results of complex
surgical procedures. To use a reactive system to predict complex surgical results, the
surgeon would need to emulate and go through all the detailed surgical steps, which can
be very tedious and time-consuming.
The other category of surgical simulation systems is the predictive systems. Given a
small number of necessary user inputs, predictive systems simulate the surgical operations
and produce the displacement and deformation of body tissues based on physical properties
of the tissues [BSL∗02, CKM∗00, DGL∗01, LLQC09, MTC02, MSCS04, RGG∗04, SBE05,
WKRC∗03]. The user inputs should be the minimum amount required to define the
surgical operation. Predictive systems have to be sufficiently efficient, but not necessary
real-time. Unlike real-time reactive simulation, the surgeon does not have to go through
the intricate and laborious surgical operations to see the expected surgical results. In
this way, the surgeon can explore various surgical options and assess their surgical results
quickly and easily.
1.3 Research Objectives
Reactive simulation systems are useful for medical training and preoperative planning of
simple surgical operations such as cutting and suturing. Predictive simulation systems
are suitable for preoperative planning of complex surgical procedures. Existing systems
for simulating cardiac surgeries perform only simple surgical operations (Chapter 3). So
far, to the best of our knowledge, there is no reactive or predictive system for simulating
complex cardiovascular surgical procedures.
The overall goal of this research is to develop a predictive simulation system for preop-
erative planning of complex cardiovascular surgical procedures. Given a small amount of
user inputs, the predictive simulation system should be able to efficiently and accurately
predict the expected surgical results. Visualizing the predicted results will allow the users
(i.e., the surgeons) to easily explore the feasibility of various surgical options to determine
the best ones. Therefore, predictive simulation system could significantly improve the
efficiency and accuracy of cardiovascular surgery planning procedure.
The simulation of surgical operations is performed on 3D computer models of the heart
and the blood vessels (Figure 1.3). These 3D models should be reconstructed from the
patient’s CT or MR images. Automatic reconstruction of 3D model from medical images
is a challenging research topic by itself and is beyond the scope of the thesis. In this
thesis, the 3D models of the heart and the blood vessels are manually segmented using
ITK-SNAP [YPH∗06].
It is worth noting that the quantitative validation of a surgical simulation system is a
very difficult issue. The ideal way to validate the predicted surgical result is to compare it
with the result of a real surgical procedure. However, this approach is not practical because
it is not possible to perform 3D scanning of actual surgical results in the middle of an
operation for quantitative comparison. Moreover, lab testing of the material properties
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Figure 1.3: Heart and blood vessel models reconstructed from two patients’ CT images.
Cardiac anatomical structure varies among patients. AO: aorta, SVC: superior vena cava,
RPA / LPA: right / left pulmonary artery.
of human or animal tissues involve ethical issues. Therefore, in this thesis, validation of
the simulation system is provided by comparing the simulation results with postoperative
CT images of the patients. This information should be sufficient for demonstrating the
correctness of the simulation system.
The contributions of this thesis are as follows:
• Develop physically accurate and efficient algorithm for modeling blood vessel deforma-
tion under surgical conditions.
• Analyze surgical requirements and develop algorithms for predictive simulation of car-
diovascular surgical operations.
• Develop predictive simulation system for complex cardiovascular surgeries. The current
implementation has been tested on neo-aorta reconstruction, arterial switch operation
(ASO), bidirectional Glenn shunt (BDG), extracardiac total cavo-pulmonary connec-
tion (TCPC), and Norwood procedure.
1.4 Organization of the Thesis
To understand the difficulties and detailed requirements of the surgical simulation system,
it is necessary to first discuss the anatomy and physiology of the human heart, followed
by an example of a defective heart and the corresponding surgery for correcting the defect
(Chapter 2). Next, existing surgical simulation systems and algorithms are reviewed
(Chapter 3). These existing systems include reactive systems (Section 3.1.1) and predictive
systems (Section 3.1.2). From the computational point of view, the simulation of soft tissue
deformation is the most complex part of a surgical simulation system. So existing models
for soft tissue deformation are also reviewed (Section 3.2). The architecture and detailed
requirements of the predictive simulation system are analyzed and described in Chapter 4.
These requirements are accomplished by simulation algorithms that are presented in the
next three chapters. Chapter 5 discusses the model manipulation algorithms for simulating
low-level basic surgical operations. Chapter 6 presents the most important aspect of
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the system, the algorithm for simulating blood vessel deformation. Chapter 7 illustrates
application examples and validation of the simulation system. The limitations of the
current simulation system, and the possible future work are then discussed in Chapter 8.
Finally, Chapter 9 concludes this thesis.
Chapter 2
Background
To provide some necessary background of this thesis, this chapter introduces the anatomy
and physiology of the normal human heart (Section 2.1) and presents an example of a
defective heart with transposition of the great arteries (Section 2.2). A typical surgery
to correct this defect, namely arterial switch operation, is then discussed to illustrate the
complexity of such cardiovascular surgeries.
2.1 Anatomy and Physiology of Normal Heart
A normal heart consists of four chambers: left atrium, left ventricle, right atrium, and
right ventricle (Fig. 2.1). It is a muscular organ responsible for pumping blood to the
body through the four major blood vessels connecting to the heart: aorta, vena cava,
pulmonary artery and pulmonary veins (Fig. 2.1). The blood circulation is as follows.
Oxygen-rich blood from the lungs goes through the pulmonary veins into the left atrium,
and is pumped via the left ventricle and the aorta to the whole body. In addition, coronary
arteries attached to the aortic root carry oxygen-rich blood to the heart muscles. Oxygen-
poor blood coming from the whole body goes through the vena-cava to the right atrium,
and is pumped through the right ventricle and the pulmonary artery to the lungs for
oxygen refreshing.
2.2 Transposition of the Great Arteries
Transposition of the great arteries (TGA) [Moo03] is a congenital heart disease in which
the aorta and pulmonary artery are connected to the wrong ventricles. In a TGA patient,
the aorta arises from the right ventricle and the pulmonary artery arises from the left
ventricle. Their relative positions are switched compared to a normal heart (Fig. 2.2).
The coronary arteries are still attached to the aorta.
TGA results in a problem with blood circulation. The oxygen-rich blood coming from
the lungs passes through the left atrium and the left ventricle, and then goes back to the
lungs via the pulmonary artery. In this case, the oxygen-rich blood does not reach the
6
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Figure 2.1: Anatomy of normal heart. Arrows indicate the directions of blood flow (image
from Wikipedia, http://en.wikipedia.org/wiki/Cardiovascular_system).
whole body other than the lungs. On the other hand, the oxygen-poor blood returning
from the whole body goes through the right atrium and the right ventricle, and back to
the whole body through the aorta without refreshing. The blood is always low in oxygen.
TGA infants are typically born with other congenital heart defects. A common con-
genital heart defect is ventricular septal defect (VSD) [GS04], which results in a hole or
opening between the left and right ventricles. This defect allow some oxygen-rich blood
to leak from the left ventricle to the right ventricle and then to the whole body through
the aorta. Without such a leakage, the infants will die immediately. Even with such a
leakage, the body tissues are still lack of oxygen. This results in a bluish tinge in the skin,
lips and other parts of the baby, i.e., the “blue baby” symptom. The incidence of TGA
is 5% of all congenital heart diseases [Moo03]. The mortality rate of TGA in untreated
patients is approximately 30% in the first week, 50% in the first month, and 90% by the
end of the first year [Cha07]. Therefore, TGA needs to be treated as soon as possible
upon diagnosis.
2.3 Arterial Switch Operation
Arterial switch operation (ASO) [LG04, TK04] is the current surgery of choice for correct-
ing TGA. It elegantly switches the two great arteries and relocates the coronary arteries
to the correct positions, restoring proper blood circulation in the patient. It is a very diffi-
cult and complex procedure that includes many delicate surgical operations. For different
patients with different anatomical structures, different variations of ASO need to be per-
formed. It will be too overwhelming for the readers if all the details and variations of ASO
are described. So, this section just outlines the four main stages of ASO [LG04, TK04]:
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Figure 2.2: Transposition of the Great Arteries. (a) Normal heart anatomy. (b) TGA
heart anatomy. The aorta and the pulmonary artery arise from the wrong ventricles. (c)
ASO result.
1. Aorta and pulmonary artery transection.
2. Coronary artery transfer.
3. Reconstruction of neo-aorta.
4. Reconstruction of neo-pulmonary artery.
In Stage 1, the pulmonary artery is disconnected from the pulmonary root through a
transection operation (cross-sectional cut), while the aorta is disconnected from the aortic
root (Fig. 2.2(b)). This is an important stage that defines all landmarks of the arterial
switch. Usually, the aorta is transected at a higher position compared with the pulmonary
artery so as to reduce compression on the switched arteries.
After Stage 1, the neo-aortic root and neo-pulmonary root are to be formed (Stage 2).
At this stage, the coronary artery buttons are first detached from the aortic root. Next,
two pockets are cut out of the pulmonary root. Then, the coronary buttons are relocated
to the pulmonary root to form the neo-aortic root. After that, the aortic root is patched
up to form the neo-pulmonary root. Since the coronary patterns vary a lot among different
patients, there are many surgical options at this stage. The main concerns are to avoid
kinking of the coronary arteries and to reduce the need for suturing.
In Stage 3, the aorta is attached to the neo-aortic root in order to receive oxygen-rich
blood coming from the left ventricle. It is usually the case that the diameter of the aorta
is smaller than that of the neo-aortic root. So the aorta needs to be cut along its long
axis, opened and patched with a additional tissue to enlarge its end. Sometimes, it may
also happen that the diameter of the aorta is larger than that of the neo-aortic root. In
this case, the aorta should be tailored and sewed up to shrink its diameter.
In Stage 4, the pulmonary artery is attached to the neo-pulmonary root so that it can
receive oxygen-poor blood exiting from the right ventricle. The main consideration for
performing Stages 3 and 4 is to organize the relative position of the neo-aorta and neo-
pulmonary artery such that the blood can flow smoothly through them. Stage 4 completes
the correction of the wrongly attached arteries (Fig. 2.2(c)).
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ASO is elegant and able to offer longer life expectancy to the patient. There are
fewer wounds made in ASO than in other types of surgeries for TGA. So the chances of
rhythm disturbances caused by later scaring are reduced. On the other hand, ASO is also
a difficult surgery due to the complexity of the anatomical structure of the heart. The
patients are infants, whose arteries, especially coronary arteries are very thin (about 1–2
mm in diameter). As a result, the operations require delicate surgical techniques with very
low safety margins. Coupled with lower birth rate and high social expectation, providing
quality health care to the public becomes an important issue of ASO.
Chapter 3
Literature Review
Over the past decades, many surgical simulation systems have been developed for various
surgeries involving various anatomical structures. To analyze the state of the art of surgical
simulation, these existing systems are reviewed (Section 3.1). Most surgical simulation
systems require the simulation of soft tissue deformation, which is usually one of the most
complex parts in a simulation system. Thus, existing 3D deformable models that can be
used for surgical simulation are also discussed in this chapter (Section 3.2).
3.1 Surgical Simulation Systems
In this section, existing surgical simulation systems are reviewed. According to their
characteristics, they are categorized into reactive systems (Section 3.1.1) and predictive
systems (Section 3.1.2).
3.1.1 Reactive Systems
Reactive systems are real-time simulation systems that attempt to simulate the reactions,
i.e., displacement and deformation, of body tissues in response to user inputs that emulate
surgical operations such as incision, resection, opening, suturing, etc. The objective of
reactive systems is to provide the user with realistic situations and perception of surgical
procedures, through user interactions and simulated progressive behaviors of the body
tissues.
Reactive systems have been developed for needle-based procedures [DGM∗09, GSD06,
KCRD02, LKT01, UTN∗99]. These systems simulate body tissue deformation in response
to needle insertion. Since needle insertion is a simple and straightforward surgical oper-
ation, reactive systems for needle-based procedures are well developed, and can provide
real-time visual and haptic feedback.
Reactive systems have also been developed for the simulation of minimally invasive
surgeries. In a minimally invasive surgery, specialized surgical instruments are introduced
into a patient’s body through small incisions to operate on the body tissues. Visual
feedback is obtained from the cameras attached to the inserted instruments. Constrained
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by the small entry portal, the instruments are usually designed to work in a limited range
of motion.
Reactive systems for minimally invasive surgeries [BNTCM99, EAN∗05, KCM00, SZB∗05,
SBH∗98] usually model interior anatomies and generate organ surface features using 2D
medical images. They simulate real-time soft tissue deformation in response to the limited
motion of the instruments, and provide visual and haptic feedback to the user. The lim-
ited motion of the instruments makes the surgical operations relatively constrained, which
facilitates the development of real-time reactive systems. However, when the anatomical
structures to be dealt with involve complex soft tissues, achieving real-time and realistic
soft tissue deformation is still difficult. This is the main challenge of reactive system for
minimally invasive surgeries.
Compared to needle-based procedures and minimally invasive surgeries, open surgeries
are more complex and difficult to simulate because of the larger visual field, complex
anatomical structures, and the freedom of motion of the surgical instruments [AkMA06].
As a result, reactive systems for open surgeries have focused only on simulating low-level
surgical operations such as incision and soft tissue retraction [BG02, SM06b, SSM07],
suturing of wounds [WZM∗01], and suturing of ventricular septal defect [SM06b, SSM07].
In comparison, simulation of cardiovascular surgical procedures such as ASO, BDG, and
TCPC is far more complex and difficult to achieve in real time. Some reactive systems
have simulated the behavior of soft tissues such as intestine in response to touch and
displacement by a surgical instrument [FLA∗05].
In reactive simulation, modeling realistic real-time behavior of soft tissue is the most
computationally expensive task. To reduce the processing time, graphics processing unit
(GPU) has been used to accelerate the computations [OLG∗05, RCGS06, SM06a]. For ex-
ample, Mosegaard et al. [MHS05, MS05] have applied GPU acceleration to the simulation
of simple cardiac surgical operations such as cutting and manipulation of cardiac tissues.
Reactive systems are useful for medical training and preoperative planning of low-
level basic surgical operations such as cutting and suturing. They are not suitable for
preoperative planning of complex surgical procedures such as ASO, BDG, and TCPC. To
use a reactive system to predict the surgical results of complex procedures, one would
need to go through all the delicate surgical operations in the procedures, which is very
tedious and time-consuming. Moreover, it is very difficult to achieve realistic and real-time
deformation of complex anatomical structures.
3.1.2 Predictive Systems
Predictive systems attempt to accurately predict surgical results of complex surgical pro-
cedures based on a small amount of user inputs. They allow the users to easily explore
various surgical options to assess the feasibility of each option and to choose the best ones.
Compared to reactive systems, predictive systems are designed to simulate entire surgical
procedures instead of low-level basic surgical operations. In predictive systems, real-time
response is not a necessary requirement. Instead, the accuracy of the predicted results
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becomes very important.
Predictive simulation systems have been developed for preoperative planning of dental
surgeries and surgical implants [DGL∗01, GSK∗07, TVE∗07, VvCM∗96]. They have also
been developed for predicting postoperative alignment of bones [TERH98] and surgical
repositioning of fractured radius (arm bones) that is not properly fixed [RGG∗04]. In these
applications, the anatomical parts are all rigid objects such as bones and teeth. Surgical
planning systems have also been developed for predicting facial appearance due to the
displacement of bones [GIR04, CMPB02, MSCS04, XSC∗00]. The deformation of facial
soft tissues is achieved using finite element method (FEM). FEM has also been applied to
the prediction of cornea deformation due to eye muscle forces and pressure [CMC05].
For liver surgery, Bourquain et al. [BSL∗02] and Meinzer et al. [MTC02] developed
systems that analyze segmentation results of CT images to propose liver and tumor re-
section (i.e., cutting) plan based on domain knowledge about the safety margins of the
operations. The system in [MTC02] also estimates the postoperative liver volume. For
breast reconstructive surgery, Chen et al. [CKM∗00] and Williams et al. [WKRC∗03] devel-
oped planners that predict the postoperative shape of the breast using predefined breast
models.
To the best of the author’s knowledge, there is no existing predictive systems for the
simulation and preoperative planning of complex cardiovascular surgeries.
3.2 3D Deformable Models
There are five main categories of approaches to 3D object deformation: free-form deforma-
tion, mass spring model, finite element model, thin shell model, and differential geometry
approach. Free-form deformation approach [Coq90, MJ96, SP86] modifies an object’s
shape implicitly by deforming the 3D space that contains the object. It is useful for 3D
model building and computer animation. However, since it does not work directly on geo-
metric shape, it is difficult for this approach to explicitly manage geometric and material
properties defined on the object’s surface. Therefore, it is inappropriate for surgical simu-
lation. On the other hand, the other four approaches modify an object’s shape explicitly
such that geometric and material properties can be incorporated. They are suitable for
surgical simulation and thus discussed in the following sections (Section 3.2.1–3.2.4). In
addition, since blood vessel branches are tubular, Cosserat rod model for simulating elastic
rods and tubes is also reviewed (Section 3.2.5).
3.2.1 Mass Spring Model
Mass spring model represents a 3D surface or volume as a network of mass points con-
nected by massless spring-dampers [KCM00, LC06, Mos04, MHS05, PCnAC04]. It models
external forces acting on the object, which are opposed by internal spring forces. Numeri-
cal solver of mass spring equation gives the position of each point, thus defining the shape
of the object.
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Due to its simplicity in implementation and efficiency in computation, mass spring
model is widely used in reactive surgical simulation. With an appropriate numerical so-
lution and a good implementation, a mass spring model can be fairly large and complex
without compromising real-time response. Padilla Castan˜eda et al. [PCnAC04] used mass
spring model to build a prostate model. Their model can be used to simulate resection
of the prostate and tissue deformation due to the resection in real time. Choi [Cho06]
and Kuhnapfel et al. [KCM00] applied mass spring model to the simulation of interactive
cutting of deformable anatomy. Lian et al. [LC06] presented a simulation of progressive
suturing where mass spring model was used to provide both visual and haptic rendering.
Mosegaard [Mos04] applied mass spring model to real-time simulation of heart deforma-
tion. Their model consists of both outer surface and inner suface of the heart. Additional
springs were inserted in between the two surfaces to simulate the forces between surfaces.
He and Sørensen et al. later extended the model, with GPU acceleration, to simulate
surgical operations such as cutting and opening of the heart [MHS05]. They provided
a powerful tool for cardiac surgeons to easily examine the anatomical structure of the
patient’s heart, and to practice possible surgical operations before real surgery.
Mass spring model has several drawbacks, though it is computationally efficient and
easy to implement. It represents internal forces as spring forces, i.e., expansion and con-
traction. It is difficult to use the springs to model tangential forces due to tangential
strains such as bending, twisting, and shearing. Simulation using mass spring model is
not necessarily accurate. The model’s behavior depends highly on careful placements of
springs between mass points, which do not necessarily have physical correlations with
the actual soft tissues. There is no standard way to identify a mass spring model for an
anatomical part that can react realistically towards different kinds of surgical operations.
Bianchi et al. [BHS03] presented a genetic algorithm for identifying the topology of mass
spring model by comparing its behavior with a known reference model. But in practice,
acquiring such a realistic reference model is itself a problem. Moreover, soft tissues can
have non-linear and inhomogeneous elasticity. Specifying appropriate elastic coefficients
for the springs to realistically model soft tissue elasticity is a difficult task.
Numerical integration methods for solving mass spring equations are not always sta-
ble. The stability of the solutioin depends on the time step and the integration scheme
[NMK∗05b]. In general, the condition for numerical stability is that the time step should
be smaller than a stability threshold, which depends on the stiffness of the simulated
object and the numerical integration scheme.
3.2.2 Finite Element Model
Finite Element Model (FEM) formulates soft tissue deformation in a continuous domain.
In FEM, the object is divided into volumetric elements, and the deformation of the object
is represented by an energy function derived from the external forces applied to these
elements, which are opposed by the object’s internal energy defined by stress and strain.
All physical forces including normal and tangential stresses are modeled. So it is one of
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the most physically accurate models. The object reaches its equilibrium shape when its
potential energy reaches a minimum. FEM is designed for volumetric meshes. To use
FEM for surface meshes, volumetric representations should be generated and coupled to
the surface meshes [MTG04].
By modeling all physical forces that are applied to each volumetric element, FEM
can provide accurate and realistic modelling of soft tissue deformation. There are many
applications that use FEM to simulate deformation in surgical simulation. Crouch et al.
[CMC05] used FEM to simulate cornea deformation for cataract surgery. Their model
generation algorithm produced finite meshes with quadratic hexahedral elements, and
each element contains 27 nodes. Richens et al. [RFH∗04] used FEM to investigate the
behavior of aorta during blunt traumatic impact. It included a thorax and heart model
that simulated the response of the heart following a thoracic impact. In addition, a
detailed model of the heart and aorta was used to simulate the stresses acting on the
aorta during the thoracic impact. FEM was also used to analyze left ventricular wall
stress in patients with severe aortic insufficiency (leaking of aortic valve that causes blood
to flow in the reverse direction) [WB∗06], and the interaction between blood flow and
the vessel wall of superior vena cava after Fontan procedure [BHB∗09]. These applications
produce realistic soft tissue deformation but are inefficient for interactive use because FEM
is computationally very expensive. Moreover, when the shape or topology of the object
changes, the stiffness and force matrices integrated over each volumetric element need to
be re-evaluated. For cardiovascular surgical simulation that requires a large amount of
deformation and frequent change of topology, the computation cost can be even higher.
By reducing the number of elements or simplifying the representation of the internal
energy, the computational cost can be reduced. For instance, Cotin et al. [CDA00] and
Wu et al. [WDGT01] proposed to reduce the number of elements using adaptive coarse-
to-fine models. Nienhuys et al. [NvdS01, NvdS03] presented an iterative algorithm for
an interactive deformation simulation caused by cutting. These methods, however, trade
model accuracy for processing speed.
3.2.3 Thin Shell Model
Thin shell model is a physics-based model that simulates deformation of shells and plates
whose thickness is negligible compared to their surface area [Cia00]. It models a thin
object as a 2-manifold surface where each point is associated with a small thickness value.
External forces can be applied to thin shell model. Its internal potential energy is then the
surface bending and stretching energies multiplied by the thickness values. The bending
and stretching energy on a surface is defined in terms of the changes of the first and second
fundamental forms [Cia00, TPBF87]. The change of first fundamental form corresponds to
the local change in length thus measuring stretching. The change of second fundamental
form corresponds to the change of surface curvature and measures bending.
Since the fundamental forms are highly non-linear, they are computationally too ex-
pensive for interactive applications. Therefore, various approaches have been presented
Chapter 3. Literature Review 15
to approximate these terms to reduce the simulation time. For example, Celniker et al.
[CG91] and Welch et al. [WW92] used first and second partial derivatives to simplify the
fundamental forms. Grinspun et al. [GHDS03, Gri06] used spring energy and change of
dihedral angle in a triangular mesh to approximate the stretching and bending energies
respectively. These energies, although still non-linear, are easier to compute than the fun-
damental forms. To further improve the efficiency, Laplacian operators, which are linear
operators on surface meshes, were applied to approximate the surface curvatures [BS08].
As Laplacian operators are also widely used by differential geometry methods in mesh
editing applications, the deformation algorithms that make use of Laplacian operators
will be further discussed in Section 3.2.4.
Compared to FEM, thin shell model is more efficient for simulating objects with small
thickness. To use FEM to simulate thin object deformation, the resolution of the volu-
metric mesh must be high enough to match the small thickness of the object, in order
to preserve the quality of the elements and to achieve accurate simulation. On the other
hand, thin shell model is physically more accurate than mass spring model because its
bending and stretching energies correspond to real potential energies of thin objects. In
addition, the bending and stretching coefficients of thin shell model can be mathematically
mapped to the elastic properties of the material. Therefore, it is easier for thin shell model
to incorporate realistic elastic properties than does mass spring model.
Thin shell model has been successfully applied to the simulation of paper, hat [GHDS03,
Gri06], and cloth [TWS06]. As the surfaces of blood vessels are thin compared to their
length, it is possible to use thin shell model for blood vessel surface deformation. However,
due to the constraint on the thickness, thin shell model may not be appropriate for the
simulation of objects with thick walls such as the heart.
3.2.4 Differential Geometry Method
Differential geometry (DG) method, which is known as partial differential equation (PDE)
method in [MYF06], works directly on mesh representation of object surface. It directly
solves for the positions of the mesh points after deformation, given the initial configuration
of the object and predefined constraints on the geometric properties of the mesh surface.
Depending on the constraints, the system equations may be solved using a linear or non-
linear solver.
DG is widely used in the computer graphics community for mesh editing [DMSB99,
MYF06, MDSB02, SLCO∗04, Tau95, YZX∗04]. Unlike mass spring model and FEM,
DG does not explicitly model external physical forces acting on the object. Therefore,
it has not been used in surgical simulation. However, for predictive surgical simulation,
the surgeons are interested in the expected surgical results instead of continuous shape
change due to human interaction. Therefore, DG turns out to be very useful for predictive
simulation.
The standard DG method applies Laplacian operators to estimate the mean-curvature
normals of the surface, which can be considered as a linearized approximation of the
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bending energy in thin shell model (Section 3.2.3). As the Laplacian operators are ill-
defined on mesh boundaries, existing Laplacian methods assume that the models are
2-manifold surfaces without boundaries.
Another DGmethod models the mesh surfaces using Poisson method [PGSQ06, YZX∗04,
ZGL07], which describes the differential properties of mesh surfaces in terms of continuous
partial differential equation. It can, therefore, model smoothness and continuity naturally.
The Poisson method is widely used for hole filling in mesh editing and repairing.
DG is easy to implement and is very efficient. It can achieve real-time deforma-
tion of 2D meshes [WXW∗06a] and near real-time deformation of 3D meshes [MYF06].
Various geometric constraints can be easily and intuitively incorporated into the defor-
mation scheme, thus meeting the requirements of predictive simulation. However, since
linear Laplacian operator is not geometrically intrinsic, DG’s measure of bending energy
is rotation-variant, which may result in inaccurate object deformation. The details of this
problem and the possible resolution are discussed in Section 6.3.2.
3.2.5 Cosserat Rod
Modeling of elastic tubular objects has been an active research area in recent years. Its
application domains range from computer graphics and animation, computer aided design,
mechanical engineering, DNA simulation, to surgical simulation. In surgical simulation
for example, many objects are in the form of rods and tubes such as surgical threads,
catheters, and blood vessels. General physics-based deformable models such as FEM
(Section 3.2.2) and thin shell model (Section 3.2.3) can be applied to the modeling of
these objects. However, they are in general computationally expensive. Moreover, they
do not explicitly model global bending and twisting, which are important characteristics
of tubular objects.
In contrast, the Cosserat theory [Ant05, Rub00] has been developed to elegantly model
bending and twisting, as well as shearing and stretching, of elastic rods. It represents a 3D
tubular object using a 1D centerline and orthonormal vectors associated to each point of
the centerline. It was first introduced to the computer graphics community by Pai [Pai02]
for interactive simulation of suture strands in laparoscopic surgery. He applied quasistatic
simulation to a surgical thread model based on user-specified fixed position of one end of
the thread and stress at the other end. Bertails et al. used a similar approach to predict
the static states of hair styles [BAQ∗05]. They further extended the approach to a super-
helices model for dynamic simulation of hair motion [BAC∗06]. A hair strand is modeled
as a sequence of smooth helix segments, where each segment has constant curvature and
torsion. Gre´goire et al. applied quasistatic simulation of Cosserat rod to cable routing and
assembly [GS07]. For modeling torsion, they used quaternions to represent the orientation
of each discrete segment of the rod. Spillmann and Teschner [ST07, ST08] used a similar
rod representation for interactive simulation of dynamic ropes and knots. Their method
allows the user to easily manipulate any portion of the rope. In medical simulation, Cotin
and Lenoir et al. [CDL∗05, LCDN06] proposed approaches for interactive simulation of
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catheter and guidewire navigating inside blood vessel branches in interventional radiology.
They represented the catheter and guidewire by a set of beam elements. Each element
consisted of both translation and rotation coordinates. Finite element method was applied
to solve for the model behavior based on 3D beam theory.
Cosserat rod theory makes the assumption that the rod has rigid cross-sections that
are small compared to its length. Thus, most of the existing methods focus on simulating
thin rods with small and rigid cross-sections. According to the application requirements,
some of them also assume that the rod is inextensible or unshearable. These conditions
are not valid for hollow tubes with large and deformable cross-sections like the blood
vessels. Therefore, existing rod simulation methods cannot be directly used for simulating
the deformation of blood vessels.
To simulate hollow tubes with deformable cross-sections for studying the mechanics of
carbon nanotubes, Gould and Burton [GB06] presented a model that uses a sequence of
Cosserat rings to represent the tube’s cross-sections. The rings are assumed to be planar,
and are assembled to represent the bending, shearing and twisting of the tube. This
approach is physically accurate but is very complex and computationally expensive.
3.2.6 Ad Hoc Models
In addition to the deformable models discussed in the previous sections, some simulation
systems apply ad hoc models according to their specific surgical requirements. For exam-
ple, in simulation of needle-based procedure, Duriez et al. [DGM∗09] uses a simplified soft
tissue model that restricts the tissue behaviour to small deformations with large displace-
ments. With the simplified model, their system achieves real-time simulation of complex
scenarios in needle-based surgeries, where needle steering, non-homogeneous tissues and
interaction between different needles can be combined. For breast reconstructive surgeries,
Chen et al. [CKM∗00] applied a deformable model that is controlled by intuitive parame-
ters analogous to the aesthetic and structural elements inherently varied by the surgeons
during breast reconstruction. These ad hoc models, though cannot be directly applied
to other application domains, provide insights for translating surgical requirements into
computational requirements.
3.3 Summary
Reactive simulation systems are useful for medical training and preoperative planning of
simple surgical operations such as cutting and suturing. Predictive simulation systems are
suitable for preoperative planning of complex surgical procedures such as reconstructive
dental surgeries and facial plastic surgeries. Existing systems for simulating cardiac surg-
eries perform only basic surgical operations such as cutting, opening, and suturing of heart
tissues [Mos04, MHS05, MS05, SM06b, SSM07] (Table 3.1). So far, there is no system for
simulating complex cardiovascular surgical procedures, such as BDG, ASO, TCPC, and
Norwood procedure, whether reactive or predictive.
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For simulation of soft tissue deformation, five categories of deformable models have
been discussed. Among them, mass spring model is efficient and easy to implement, but
it is not suitable for providing accurate deformation results. It is usually used for reactive
real-time simulation. FEM can be used for accurate simulation of soft tissue deformation.
However, it is computationally expensive for real-time or near real-time simulation unless
the implementation is well optimized and GPU accelaration is provided. On the other
hand, thin shell model and DG can be used to produce more accurate simulation results of
surface deformation than mass spring model, and they are computationally more efficient
than FEM. Therefore, they are promising candidates for predictive simulation of complex
cardiovascular surgery. Both FEM and thin shell model may be used to model the blood
vessel walls. However, twisting of the blood vessel cannot be directly measured with FEM
or thin shell model alone, without a representation of the centerline.
Cosserat rod theory offers an approach for physically correct and efficient modeling
of the deformation of elastic rods and tubes. It explicitly models global bending and
twisting, which are important characteristics of tubular objects such as blood vessels.
Cosserat rod theory makes the assumption that the rod or tube has rigid cross-sections
that are small compared to its length. Therefore, existing Cosserat rod simulation methods
cannot be directly used for simulating the deformation of blood vessels. For predictive
simulation of complex cardiovascular surgeries, the blood vessels’ cross sections are large
and may undergo non-rigid deformation. To the best of our knowledge, [GB06] is the only
existing hollow tube model. It uses a sequence of Cosserat rings to represent a hollow
tube. Therefore, it is very complex and computationally expensive. Moreover, it is not
straightforward to model blood vessel with branches. To achieve accurate and efficient
simulation of blood vessels, this thesis presents a novel hybrid model that combines the
strengths of Cosserat rod theory, thin shell model and DG method (Chapter 6). Our
hybrid model is physically accurate and yet computationally efficient compared to that
of [GB06].
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The overall goal of this research is to develop a predictive surgical simulation system for
general cardiovascular surgeries. To achieve this goal, surgical requirements of predictive
simulation must be first understood (Section 4.1). These surgical requirements must be
translated into system requirements to define the surgical simulation system (Section 4.2).
The system requirements will then be accomplished by computational algorithms discussed
the following chapters (Chapter 5, 6, and 7).
4.1 Surgical Requirements
Surgical requirements refer to the requirements of the surgical simulation system from
the surgeon’s (i.e., user’s) perspective. These requirements are gathered by discussing
with a cardiac surgeon and referring to cardiac surgical handbook [GS04]. In general, the
term “surgical operation” can be used to refer to either basic operations such as cutting
and suturing, or complex surgical procedures such as bidirectional Glenn shunt (BDG),
arterial switch operation (ASO) and Fontan procedure. For clarity of discussion and to
avoid confusion, three levels of surgical operations are defined in this thesis (Fig. 4.1): low-
level basic surgical operations, mid-level surgical tasks and high-level surgical procedures.
4.1.1 Low-level Requirements
Low-level basic surgical operations refer to simple operations that form the basis of all
complex operations. They include cutting of tissue, displacement of tissue, and joining of
tissues.
A. Cutting of Tissue
Cutting of tissue consists of three cases: incision on a tissue, transection of a blood vessel,
and resection of a tissue. Incision on a tissue is to cut a slit on the tissue to open it. After
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Figure 4.1: Surgical operation hierarchy. Arrow means “involves”.
(a) (b) (c)
Figure 4.2: Cutting of tissues. Green and red curves indicate cutting boundaries. (a)
Incision on a tissue. (b) Transection of a blood vessel. (c) Resection of a tissue. The split
components are displaced in (b, c) for visual clarity.
this operation, a cut is made on the tissue surface, but the tissue is not split into two
separate parts. For example, in Figure 4.2(a), the cut is made longitudinally on the aorta.
Transection of a blood vessel is a cross-sectional cut of the blood vessel (Fig. 4.2(b)). After
cutting, the blood vessel is split into two segments. Resection of a tissue is to cut out a
piece of the tissue from an anatomical part. The isolated tissue is usually joined to other
anatomical parts. Figure 4.2(c) shows an example of the resection of a piece of tissue from
the aortic root.
B. Displacement of Tissue
Displacement operation refers to the movement of an object or a part of it from one
position to another. There are three cases of displacement. The first case is performed on
the incision result. For example, in opening of aorta, the cut boundary are displaced to
open the aorta (Fig. 4.3(a)). The second case is the displacement of transection result. For
example, in bidirectional Glenn shunt, the superior vena cava is transected (Fig. 4.2(b)),
and its lower end is moved to the top side of the right pulmonary artery for joining
(Fig. 4.3(b)). The third case is the displacement of the result of resection, i.e., moving the
isolated tissue (Fig. 4.2(c)) to new positions.





Figure 4.3: Displacement operations. Green and red curves indicate boundaries. (a)
Displacement of incision result. (b) Displacement of transection result.
(a) (b) (c) (d)
Figure 4.4: Joining operations. Green curves indicate join boundaries. (a) End-to-end
join. (b) End-to-side join. (c, d) Side-to-side join.
C. Joining of Tissue
Joining operations are performed to connect two tissues at their boundaries. It can be
achieved through suturing or gluing. There are three common types of joining operation
in cardiovascular surgeries, namely end-to-end joining, end-to-side joining, and side-to-
side joining. End-to-end joining is to join two blood vessels at their ends (Fig. 4.4(a)).
It occurs in ASO for joining the aorta to the neo-aortic root, and joining the pulmonary
artery to the neo-pulmonary root. End-to-side joining is to join the end of an artery to
the side of an artery. Figure 4.4(b) is an example of end-to-side joining in BDG where
the superior vena cava is joined to the top side of the right pulmonary artery. Side-to-side
join refers to joining a relatively flat patch to a tissue to fill up a hole or slot on the tissue.
For example, in ASO, side-to-side joining is applied in relocating the coronary buttons.
The coronary buttons are joined to slots cut out of the pulmonary root. The slots left on
the aortic root, on the other hand, need to be patched up by another tissue (Fig. 4.4(c)).
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(a) (b) (c)
Figure 4.5: Mid-level surgical task: neo-aorta reconstruction. (a) Arteries to be joined,
(b) opening and patching of artery, (c) joining of artery.
Figure 4.4(d) illustrates another case of side-to-side join where a hole on one artery is
completely patched up by a piece of tissue.
Note that the two joining boundaries are not necessarily of equal length. In real surgery,
if the length mismatch is small, the tissue with a shorter boundary can be stretched to
fit the one with a longer boundary. On the other hand, if the length mismatch is too
large, the one with a shorter boundary is patched with an additional tissue to match the
one with a longer boundary (Fig. 4.5(c)). This kind of joining operation can result in the
deformation of soft tissues.
Another consideration in joining is whether the join should be smooth. In Figure 4.4(a),
(c) and (d), the joins should be smooth to avoid obstruction of blood flow. On the other
hand, in Figure 4.4(b), the join is not a smooth join.
4.1.2 Mid-level Requirements
A mid-level surgical task is a part of a complete surgical procedure. It consists of a
sequence of low-level basic surgical operations and possibly other mid-level surgical sub-
tasks. In ASO for example, the surgical tasks include transfer of coronary arteries, open-
ing of artery, patching of artery, reconstruction of neo-aorta, and reconstruction of neo-
pulmonary artery. Some of these mid-level tasks can appear in other surgeries. For
example, reconstruction of neo-aorta is also an important step of Norwood procedure.
Let us illustrate mid-level surgical task using reconstruction of neo-aorta as an example
(Fig. 4.5). The aorta is joined to the neo-aortic root with displacement and end-to-end
joining. If the diameter of the aorta is too small compared to that of the neo-aortic root,
the aorta has to be opened (opening of artery) and patched with additional tissue (patching
of artery) (Fig. 4.5(b)). In this case, reconstruction of neo-aorta involves other mid-level
sub-tasks including opening and patching of artery. In a similar way, other surgical tasks
can involve low-level basic surgical operations and mid-level surgical sub-tasks.
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(a) (b) (c)
(d) (e) (f)
Figure 4.6: Norwood procedure. (a) Initial configuration. (b) Arterial transection. (c)
Closure of pulmonary artery. (d) Neo-aorta reconstruction. (e, f) Tube graft placement.
AO: aorta. PA: pulmonary artery. SVC: superior vena cava.
4.1.3 High-level Requirements
High-level surgical procedure refers to the complete procedure of a cardiovascular surgery.
Simulation and prediction of high-level surgical procedures are the ultimate goals of the
predictive system. A high-level surgical procedure normally involves both mid-level surgi-
cal tasks and low-level basic surgical operations. It can also involve other high-level surgical
procedures. This section illustrates the requirements using 3 example procedures: arterial
switch operation (ASO), Norwood procedure, and bidirectional Glenn shunt (BDG).
As described in Chapter 2, ASO consists of four main stages:
1. Transection of aorta and pulmonary artery.
2. Transfer of coronary arteries.
3. Reconstruction of neo-aorta.
4. Reconstruction of neo-pulmonary artery.
The first stage involves low-level basic surgical operations whereas the other stages involve
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(a) (b) (c) (d)
Figure 4.7: Bidirectional Glenn shunt (BDG) procedure. (a) Initial configuration. (b)
Transection of SVC and incision on RPA. (c, d) Connecting SVC to RPA. AO: aorta. PT:
pulmonary trunk. SVC: superior vena cava. RPA: right pulmonary artery.
mid-level surgical tasks.
Norwood procedure is a surgery of choice for treating hypoplastic left heart syndrome
(HLHS). In a child with HLHS, all the structures on the left side of the heart (the side
that receives oxygen-rich blood from the lungs and pumps it out to the body) are severely
underdeveloped. The left ventricle itself is tiny, and the ascending aorta is very small, often
only a few millimeters in diameter. Norwood procedure for correcting HLHS consists of
the following four stages:
1. Transection of aorta and pulmonary artery (similar to ASO) (Figure 4.6(b)).
2. Closure of pulmonary artery (Figure 4.6(c)).
3. Reconstruction of neo-aorta (similar to ASO) (Figure 4.6(d)).
4. Placement of a tube graft to connect aorta to pulmonary artery (Figure 4.6(e, f)).
Each of the last three stages involves a mid-level surgical task. As can be seen, the third
stage of Norwood procedure, a mid-level task, also appears in ASO.
Sometimes a complete surgery is involved in another surgery. Therefore, a high-level
surgical procedure may be part of another high-level procedure (Fig. 4.1). For example,
BDG is a high-level surgical procedure that can be used in the treatment of tricuspid
atresia, HLHS, single ventricle anomalies, etc. [GS04]. It is performed as follows:
1. Transection of superior vena cava (SVC) (Fig. 4.7(b)).
2. Incision on the top side of the right pulmonary artery (RPA) (Fig. 4.7(b)).
3. Joining of SVC and RPA (Fig. 4.7(c, d)).
On the other hand, BDG is also the first stage of other surgeries such as total cavopul-
monary connection (TCPC). For example in extracardiac TCPC [GS04], BDG is per-
formed first. Then the inferior vena cava is joined to the bottom side of RPA through an
artificial tube (Gore-tex tube).
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4.2 System Requirements
System requirements for the predictive simulation system are the requirements from the
system’s point of view. They are derived from the surgical requirements (Section 4.1).
Therefore, three levels of surgical requirements are translated into three levels of system
requirements respectively.
4.2.1 Low-level Requirements
Soft objects are modeled as 3D computational models (Fig. 4.7(a)). Thus, low-level sur-
gical operations are translated into 3D model operations, which include model cutting,
model displacement and deformation, and model joining.
A. Model Cutting
The three cases of cutting operation translate to three cases of model cutting. In the case
of incision (cutting a slid) (Fig. 4.2(a)), two cut edges coinciding with the user-specified
cut path are created on the model. In the case of transection (cross-sectional cutting of
blood vessel) (Fig. 4.2(b)), the model of the artery is split into two parts, and two cut
boundaries are created, one on each part. From the system’s point of view, the case of
resection (Fig. 4.2(c)) is similar to that of transection except that the resection result is
an isolated model.
The inputs for model cutting operation include the type of the cut and the cut path.
For incision and resection of tissues, the cut path can be manually drawn on the model
surface or specified by a sequence of points. In the latter case, the system automatically
computes the shortest smooth curve that passes through all the points. The curve is
then taken as the cut path. For transection of an artery, the input can be a single point
indicating the position of the cross-sectional cut. Alternatively, three points can be given
to indicate the cut plane.
Note that in real situations, soft tissues will deform in response to cutting operation
due to tension on the tissue surface. However, cutting is never the last operation in a
surgical procedure. So, it is not necessary to handle soft tissue deformation due to cutting
in a predictive simulation system.
B. Model Displacement and Deformation
Surgical displacement operation translates to model displacement and deformation. Dis-
placement of isolated model (i.e., resection result as shown in Figure 4.2(c)) involves only
translation and rotation. On the other hand, displacement of non-isolated model (e.g.,
incision and transection results) (Fig. 4.3) entails the deformation of the model because
part of the model is displaced while the other parts are fixed.
The user inputs of model displacement operation include the model or part of the
model to be moved, and the target position and orientation of the mesh model. These
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inputs are considered as positional constraints of the models during deformation.
For accurate simulation of deformation, physically correct models are necessary. The
models should also be efficient to allow the surgeon to easily explore different surgical
options. This thesis proposes a novel hybrid deformable model that is appropriate for
accomplishing these requirements (Chapter 6).
The system also needs to check whether the user-specified displacement can be achieved.
For this purpose, the system needs to assess (1) the geometrical shape and size of the
mesh models, (2) the elastic properties of the mesh models and (3) obstructions among
3D models. For example, if the target position is too far away from the original position
and elasticity is limited, the displacement cannot be achieved. Note that the free space for
displacement and deformation is small because the blood vessels and the heart are quite
tightly packed within a small chest cavity (Fig. 4.7(a)). Collision should be detected and
resolved to ensure that the deformed models do not penetrate each other and they do not
collide with surrounding tissues.
C. Model Joining
Surgical joining operation corresponds to 3D model joining. Detailed simulation of sutur-
ing involves the interaction of the tissue with needle and thread, which is very complex.
For gluing, the two joining boundaries may overlap. These details will not affect the overall
shape of the tissues significantly. Therefore, they are omitted in the predictive simulation
system. Instead of detailed simulation of suturing and gluing, this thesis considers the
joining of the boundaries of two models as an adequate approximation.
Though there are four kinds of joins (Fig. 4.4) as discussed in Section 4.1, their system
requirements are the same. Given the joining boundaries and the type of join, model
joining operation places the two joining boundaries together and thus forming a seamless
join.
Typically, the original positions of the two joining boundaries do not coincide with
each other. So model deformation may be involved in model joining operation to make
the joining boundaries coincide. Sometimes the joins should be smooth (Fig. 4.4(a), (c)
and (d)). The feasibility of the joining operation should also be checked, just like in model
displacement operation.
Note that the two models that are joined may or may not be merged into a single
model. If subsequent operations need to manipulate the joined models as a single object,
then they should be merged. Otherwise, it is not necessary to merge them.
4.2.2 Mid-level Requirements
Mid-level surgical tasks are translated into their corresponding mid-level computational
tasks. A mid-level computational task needs to be formulated as a computational problem,
which is solved by an algorithm that performs a sequence of low-level model operations and
possibly mid-level sub-tasks. For example, the mid-level task neo-aorta reconstruction will
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be formulated as a problem that involves opening of aorta and shape completion of aorta,
which are, in turn, formulated as their corresponding computational problems. Details of
these problem formulations are presented in Chapter 7.
Depending on the nature of the problem, various constraints need to be imposed on the
deformation of the models. Therefore, the mid-level computational problems are complex
constrained optimization problem. The main constraints are summarized as follows:
Constraint A. Positional constraint. The target positions of some parts of the model
are ether specified by the user or derived from user inputs.
Constraint B. No penetration. After soft tissue deformation, the deformed models
should not penetrate other models.
Constraint C. Stretching, bending, and twisting constraints. The stretching, bending,
and twisting of the model should follow the elastic properties of the tissue. They
should be minimum to avoid obstruction of blood flow.
Constraint D. Smooth join constraint. In some cases, the join should be smooth after
deformation and joining.
Among these constraints, Constraints A and B are hard constraints that must be satisfied.
Constraints C and D are soft constraints that need to be satisfied as best as possible. A
balance between these constraints should be achieved depending on the surgical require-
ments.
4.2.3 High-level Requirements
A high-level surgical procedure corresponds to a high-level computational procedure that
comprises a sequence of mid-level computational tasks and low-level model operations,
and possibly other high-level procedures. Therefore, its system requirements are the com-
bination of its components’ requirements. Chapter 7 illustrates the application examples
of high-level computational procedure including ASO, Norwood procedure, BDG, and
extracardiac TCPC.
4.2.4 Assessment of Surgical Options
Besides simulating surgical procedures, the system should also provide supporting func-
tions to assist the surgeons in evaluating the predicted surgical results and determining the
best surgical options. In general, evaluation of surgical options include geometric analysis
and blood flow analysis. Blood flow analysis is a challenging research topic by itself, which
is outside the scope of this thesis. Therefore, this thesis focuses only on geometric analysis.
Geometric analysis of predicted surgical results includes the following components:
Strain measurement. The system should measure the strain values, i.e., the amount of
stretching, bending, and twisting of the deformed tissues.
Visualization aid. The system should visualize the strain values and also the potential
pressure when two objects compress each other.
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The system requirements presented in Chapter 4 are accomplished by algorithms organized
in three levels. This chapter presents an overview of the low-level model manipulation
algorithms (Table 5.1). Among these algorithms, the blood vessel displacement algorithm
is the most essential and difficult. It is, thus, one of the most important contributions
of this thesis, and will be presented in detail in Chapter 6. The mid-level and high-level
algorithms will then be presented together with surgery application examples in Chapter 7.
5.1 Model Representations
In this thesis, two types of models are used to represent two kinds of soft objects: tubular
and non-tubular structure. Tubular objects, such as the blood vessels, are represented by
a hybrid model that consists of a reference Cosserat rod and a surface triangular mesh. For
blood vessels with branches, the tubular models are connected, forming a tree structure of
tubes. Non-tubular objects such as surface patches are represented by triangular meshes.
Depending on the model used to represent the object, the low-level manipulation algorithm
varies.
The use of triangular mesh to represent surfaces is due to the following reasons in
addition to the fact that they can be directly derived from the image segmentation result.
First, triangular mesh is widely used for representing free-form objects with complex
shapes. Second, operations such as cutting and joining can be easily performed. Third,
geometric constraints required for surgical simulation can be easily measured and imposed
in the model. In contrast, other representations such as implicit surface do not have all
the above advantages.
5.2 Model Cutting Algorithms
Among the three types of cutting operations, incision and resection change only the topol-
ogy of the tissue surface, but not the global structure. Therefore, incision and resection
operations are accomplished by the same mesh cutting algorithms for both hybrid model
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Table 5.1: Low-level surgical operations, model operations and algorithms.





Displacement + Thin shell model, hybrid
Deformation model deformation (Chapter 6)
Joining
Deformation + Deformation algorithms + polyline
Joining merging method [dBvKOS00, SML06]
(a) (b)
Figure 5.1: Mesh cutting using direct subdivision with simple edge flipping. Black solid
lines: edges of the initial mesh. Red lines indicate cut path. Dashed lines: new edges after
cutting. Some new edges (in blue) need to be flipped to form better triangles. (a) Before
flipping. (b) After flipping.
and surface model. On the other hand, transection is applied only on tubular objects and
it cuts an object into two parts. Consequently, both the reference Cosserat rod and the
surface mesh of the object need to be split into two parts.
This thesis uses direct subdivision method [dBvKOS00] to create accurate cut along
the user-specified cut path. New vertices and edges are introduced along the cut path,
which may result in sharp triangles that could affect the quality of the triangular mesh.
Therefore, a simple refinement step is applied. After subdividing the triangular mesh, the
edges in the triangle strips along the cut path are checked for possible flipping. An edge
is flipped if flipping it increases the minimum angle of its associated triangles (Fig. 5.1).
Experiments in Chapter 7 show that the meshes cut by direct subdivision method with
simple refinement are stable enough for follow-up operations. For cases with more stringent
requirement on the mesh quality, more complex algorithms such as Delaunay mesh cutting
algorithm [NvdS01, NvdS03] may be applied.
5.3 Model Displacement Algorithms
For model displacement, thin shell model is adopted for surface models. As discussed in
Section 3.2, thin shell model [Gri06, BS08] is efficient and produces accurate result for thin
surfaces. In this thesis, Laplacian operator and spring energy are used to approximate the
bending and stretching strains respectively. Positional constraints derived from inputs are
imposed to satisfy the surgical requirements. The deformation of the hybrid model, on
the other hand, is achieved in two phases. First, the reference Cosserat tree is deformed
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according to Cosserat theory. Next, the surface mesh is deformed using thin shell model
according to its elastic binding energy to the tree and its surface elastic energy. The
detailed deformable models will be described in Chapter 6.
5.4 Model Joining Algorithms
For model joining, simple polyline merging method [dBvKOS00, SML06] is used to merge
the meshes that are joined at their boundaries. Note that the joining boundaries of the
meshes are discrete, i.e., they are polylines. There may not be a one-to-one mapping
between the two vertex sets of the joining boundaries. Therefore, new vertices need to be
introduced to make sure that the 3D polylines are aligned exactly and the join is leakage-
free. For joining of hybrid models, the reference rods need to be connected as well. In the
implementation, the vertices of the joining boundaries may not be merged, so that the
two joining tissues can be rendered with different colors to clearly visualize the joining
boundaries.
Chapter 6
Hybrid Blood Vessel Model
This chapter presents a novel hybrid model that binds a thin shell model elastically to a
novel reference Cosserat tree. The thin shell model represents the blood vessel walls. The
reference Cosserat tree models the global bending, twisting, shearing and stretching of the
blood vessel branches. Deformation of the hybrid blood vessel model is accomplished in
two phases. First, the reference Cosserat tree is deformed according to Cosserat theory
[Ant05] and user-specified boundary conditions. Next, the thin shell model is deformed
according to its binding to the Cosserat tree and its surface elastic energy.
In general, the hybrid model can be formulated to bind any surface model to the
reference Cosserat tree. This general formulation in continuous coordinate system will be
presented in Section 6.1. In practice, the 3D surface model of the blood vessels are typically
reconstructed as a discrete triangular mesh from the segmentation of CT or MR volume
images. So, Section 6.2 presents a method for constructing the hybrid model from the 3D
mesh model of blood vessels. For computational implementation, the elastic energy of the
Cosserat tree and surface mesh is discretized, and the hybrid model is deformed according
to the discretized energy (Section 6.3). Note that the hybrid model is not restricted to the
simulation of blood vessel deformation. Section 6.4 illustrates examples of applying the
hybrid model to the simulation of general elastic hollow tubes. In surgery simulation, blood
vessels should not penetrate each other after deformation. Therefore, collision between
the deformable models must be handled (Section 6.5). Application examples of surgical
simulation will be presented in Chapter 7.
6.1 Hybrid Model Representation
The hybrid blood vessel model consists of a reference Cosserat tree (Section 6.1.3) and
the surface of the blood vessels. The novel Cosserat tree is a tree structure of Cosserat
rods. So, we begin this section with the discussion of standard Cosserat rod theory.
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Figure 6.1: A Cosserat rod. Arrows depict the directors.
6.1.1 Cosserat Rod Theory
A Cosserat rod B [Ant05, LCW04] is described by a curve r(s, t) in 3D space and directors
dk(s, t), k ∈ {1, 2, 3}. The parameter s ∈ [0, L] is the arc length parameter and t is the
time parameter (Fig. 6.1).
The directors dk(s, t) are orthonormal vectors following the right-handed rule, i.e.,
(d1 × d2) · d3 > 0. They are defined as follows. The third director d3(s, t) is normal to
the cross-sectional plane Xs of the rod at s. The first director d1(s, t) is in Xs and points
at a material point ps on the rod’s surface. The second director d2 = d3 × d1 points to
another material point. The directors dk must be differentiable. So, the material points
corresponding to d1 and d2 form continuous material lines.
The reference configuration of a Cosserat rod, B0 = {r0(s),d0k(s)}, is the initial state
of the rod at time t = 0:
r0(s) ≡ r(s, 0), d0k(s) ≡ dk(s, 0). (6.1)
Typically in mechanical engineering, B0 is considered as a straight rod for analytical
simplicity. But, it can also be a naturally curved rod [Lov27, Vil98].
The deformed configuration, BT = {rT (s),dTk (s)}, is the equilibrium state of the rod
at time t = T :
rT (s) ≡ r(s, T ), dTk (s) ≡ dk(s, T ). (6.2)
For notational simplicity, the time parameter t is ommited when there is no confusion.
Stress, Strain and Potential Energy of Cosserat Rod
The strains of a Cosserat rod are represented by the linear strain vector v(s) and angular
strain vector u(s) [Ant05] such that
v(s) = ∂sr(s), ∂sdk(s) = u(s)× dk(s). (6.3)
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where uk and vk are the strain variables. Together with global translation and rotation
of the rod, uk and vk define the rod’s configuration, i.e., position r and directors dk. The
components u1 and u2 are the curvature along d1 and d2, and they measure bending,
while u3 measures torsion. The components v1 and v2 measure shear, and v3 measures
stretching or elongation. Let us denote
u ≡ [u1, u2, u3]
⊤, v ≡ [v1, v2, v3]
⊤. (6.5)
Note that the vectors u and v should be distinguished from the triplets u and v. The vec-
tors are defined in the global coordinate system, whereas the triplets are defined according
to the local directors.
The couple (i.e., inner torque) m(s) and stress n(s) experienced by the rod are given
by [GB06, Lov27, Vil98]:
m(s) = J(s)(u(s)− u0(s)), n(s) = K(s)(v(s)− v0(s)). (6.6)
J(s) and K(s) are stiffness matrices that depend on the geometric shape and material
properties of the rod:
J(s) = diag{Y I1(s), Y I2(s), G I3(s)}, (6.7)
K(s) = diag{GA(s), GA(s), Y A(s)}, (6.8)
where Y is the Young’s modulus, G is the shear modulus, A(s) is the cross-sectional area,
and Ik(s) are the geometric moments of inertia of the cross-section Xs at s. For a hollow
tube of circular cross-sections with inner and outer radii Ri(s) and Ro(s),
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The final configuration BT = {rT ,dTk } is the equilibrium state of the rod, with minimum
potential energy E that minimizes the difference between uT , vT and u0, v0.
6.1.2 Representation of Directors
A Cosserat rod is represented by the tuple {r(s),dk(s)}. This representation has a total
of 12 variables for each s, subject to the orthonormal constraints of the directors (6
constraints). Thus, there are only 6 independent variables, 3 for position rs and 3 for
orientation dk(s).
The director frame can be regarded as a rotation R with respect to a global reference
frame (dX,dY,dZ) such as the world coordinate frame:
d1(s) = R(s)dX, d2(s) = R(s)dY, d3(s) = R(s)dZ, (6.12)
where dX, dY, and dZ are unit vectors along the X-, Y-, Z-axes. The most straightforward
way to represent the rotation R is to use rotation matrix. But it requires 6 orthonormal
constraints. So, it has no advantage over the direct use of dk as variables.
To reduce redundant variables and constraints, one possible method is to use Euler
angles, which represent 3D rotation using only 3 variables. However, they are not con-
tinuous for interpolation and differentiation of the directors. Moreover, they have the
classical Gimbal lock problem, which causes the loss of one degree of freedom in certain
circumstances [Wik10b].
Another popular method is to use quaternions. A quaternion represents 3D rotation
using 4 variables and 1 constraint: it has unit length. Quaternion has been used in elastic
rod simulation [GS07, ST07]. However, it has some limitations. First, a quaternion and
its negative vector represent the same rotation, which may cause ambiguity in computing
the strain variables. Second, it still comes with the unit-length constraint, which has to
be either explicitly or implicitly enforced in the energy term.
This thesis adopts Rodrigues’ rotation formula to represent the directors. This formula
represents 3D rotation by a rotation axis nˆ and a rotation angle θ. The rotation R(s) can
be expressed by a vector q(s) = [q1(s), q2(s), q3(s)]
⊤ such that:
q(s) = θ(s)nˆ(s). (6.13)
In contrast to the other representations, this method is constraint-free, continuous for
interpolation and differentiation, and does not have ambiguity problem.
At first sight, it seems that this rotation vector q has a similar ambiguity problem
as quaternions, i.e., (θ + 2kpi)nˆ, with k an arbitrary integer, represent the same director.
However, it turns out that this property is beneficial to our model. If the rod is discretized
to a sequence of points, there can be situations in which the directors of two consecutive
points are the same, but in between the two points, the rod actually experiences a rotation
of 2pi. The consecutive directors cannot capture the rotation between them. They will
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only generate zero torsion because the changes of directors of the two consecutive points
are zero. However, the rotation vector q(s) can capture the correct strain values in this
situation: the two consecutive points have rotation θnˆ and (θ+2pi)nˆ respectively. In this
case, the resulting directors are the same, but the torsion values are non-zero.
By converting the rotation vector q to a rotation matrix R, the directors can be derived
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where a = sin ‖q‖/‖q‖, and b = (1 − cos ‖q‖)/‖q‖2. Now there are only 6 variables
{r(s),q(s)} for each s.
The strain variables uk and vk and the potential energy E can also be expressed in
terms of {r(s),q(s)}. The linear strain variables vk are relatively easy to compute from
Eq. (6.4):
vk = dk · v = dk · ∂sr. (6.15)
The derivation of the angular strain variables uk is mathematically more involved. It is
similar to the one presented in [ST07], except that Rodrigues’ formula is used instead of
quaternions to represent rotation. For completeness, the derivation of the expressions of
uk is described in Appendix A.1.
Note that the optimization algorithm that solves for the deformed configuration is
gradient-based. Therefore, the first derivatives ∂E/∂ri and ∂E/∂qi are required. Their
closed-form formulae are derived in Appendix A.2.
6.1.3 Cosserat Tree
A Cosserat tree consists of Cosserat rods that are connected at the joints. Each Cosserat
rod B starts from or ends at a joint J (Fig. 6.2(b)). Therefore, the positions and orien-
tations of the joints are involved in the potential energy of each Cosserat rod in the tree.
In our Cosserat tree model, a joint J is defined as:
J ≡ {rj ,qj} with j = 0 to n , (6.16)
where n is the number of Cosserat rods connected to it. r0 and the rotation vector q0
represent the center position and orientation of this joint. The translation vectors r1 to rn,
and the rotation vectors q1 to qn are constant vectors determined at the initial state of the
model. They are the transformation that aligns the initial state of the joint, i.e. {r00, q
0
0},
with the position and orientation of the corresponding branch’s end that is connected to
the joint (Fig. 6.2(b)). These vectors are fixed because the deformation of a blood vessel’s
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Figure 6.2: A joint J connects 3 branches.
joint is relatively small and therefore negligible compared to the branches. In addition,
fixing the joint configuration enforces the minimum deformation constraint on the joints,
and also reduces the number of variables in the model.
The potential energy of a Cosserat tree is thus the sum of the potential energy of all





6.1.4 Binding Surface Model to Cosserat Tree
The continuous surface of a blood vessel can be considered as a shape function defined
by the reference Cosserat tree (Fig. 6.3). For each point p on the surface of a blood
vessel branch, there exists an s such that p is on the cross-section Xs of the blood vessel
branch at s. A one-to-one binding function f can then be established between the local
coordinates (x, y, z) in the directors dk at s and the global coordinates p.
p = f(s, x, y, z)
= r(s) + xd1(s) + y d2(s) + z d3(s).
(6.18)
Note that the branch index for each branch is omitted here for notational simplicity. We
say that surface point p is mapped to r(s) and dk(s) of the corresponding reference rod
of the Cosserat tree. Since p is on the cross-section Xs and d3 is the normal of Xs, z is
usually 0 in continuous case, and close to zero in discrete case. Similarly for each point p
on the surface of a joint, the one-to-one binding function f is established to map the local
coordinates (x, y, z) in the directors dk at position r of the joint, to the global coordinates
p. Hence, given any configuration of the rod and the binding function f , the blood vessel’s
surface can be reconstructed.
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Figure 6.3: Binding surface to reference Cosserat tree.
6.2 Construction of Hybrid Model
This section presents a method for constructing the hybrid model from a 3D discrete mesh
of blood vessels reconstructed from CT or MR images. The construction of the hybrid
model proceeds in two stages. First, generalized cylinders defined by the centerlines and
cross-sectional radii of the blood vessel branches are fitted to the 3D mesh models (Sec-
tion 6.2.1), with a generalized cylinder fitted to a blood vessel branch. The reference rods
of the Cosserat tree for the initial configuration are defined to coincide with the centerlines
of the blood vessel branches. Then, rotation minimizing frames [Klo86, WJZL08] are used
to generate the directors in the initial configuration (Section 6.2.2), yielding the initial
strain variables u0 and v0. The position r0 and orientation q0 of a joint in the Cosserat
tree are defined as the interpolation of those of all the rod ends that are connected to it.
For simplicity, it is assumed that the initial configuration of the blood vessel is not sheared
and is minimally twisted.
6.2.1 Fitting Generalized Cylinder
Let pi denote surface points on the cross-section Xs at point s on the centerline of a blood
vessel branch. Then, the coordinate r(s) of the point s on the centerline would be the







where Ns is the number of points on Xs (Fig. 6.4(a)). In the case of a discrete 3D mesh
model, the points pi are taken as the mesh vertices. Then, the centerline cannot be defined
using Eq. (6.19) because for a particular s, few or even no mesh vertices lie exactly on the
cross-section Xs. Instead, the centerline is defined in terms of the mesh vertices pi that
lie within this slot located at s (Fig. 6.4(b)). These vertices’ normal projections on the
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(a) (b)
Figure 6.4: Centerline of generalized cylinder. (a) Continuous and (b) discretized defini-
tion of centerline points.









The weights wi(s) are inversely related to the distance between r(s) and the projection







where si is the arc length parameter of pi’s projection on the centerline, and σ = 0.1 in
the current implementation. Note that this definition of centerline is implicit because the
corresponding s of a mesh vertex pi is not known in advance. Thus, a fitting algorithm is
needed to compute the centerline of the mesh model.
The fitting algorithm defines a cost function to evaluate the goodness of fit. It applies
gradient decent to optimize the cost function [KWL06] starting from a straight line con-
necting the centers of the blood vessel branch’s two ends (Fig. 6.5). The cost function






















where r′(s) is the first derivative of r(s). The first term measures the goodness of fit. The
second term is a regularization term that enforces smoothness of the fitted curve and λ is
the regularization parameter.














where r′′(s) is the second derivative of r(s), and η is a constant step size.
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(a) (b) (c)
Figure 6.5: Hybrid model construction. (a) The fitting algorithm starts from a straight
line connecting the centers of the blood vessel’s two ends, and (b) computes the curve that
matches the centerline. (c) Texture mapping the mesh surface according to the binding
facilitates visualization of bending and torsion.
After fitting the centerline, the radius at each cross-section is computed so as to derive
the stiffness matrices J and K in Eq. (6.7) and Eq. (6.8). The cost function E(R) for




















where the first term measures the goodness of fit and the second term regularizes the
radius function R(s) with µ the regularization parameter. Applying variational calculus












In the current implementation, the step size η is 0.2 for fitting the centerline and 0.1
for fitting the radius of a cardiac blood vessel branch. Normally 30 iterations are required
for the fitting algorithm to converge. The regularization parameters λ and µ range from
0.01 to 0.3, depending on the curvature and the radius variation of the target blood vessel
branch. In the case of large variation of curvature or radius, the regularization parameters
should be set to small values.
6.2.2 Deriving Directors and Binding Function
After fitting the centerline and radii of the mesh model, the directors and surface binding
function are derived. On the other hand, It is reasonable to assume that there is no
shearing and elongation in the initial configuration, i.e., d3 aligns with the tangent of the
centerline. The blood vessels are naturally curved. So the directors should be defined to
represent the natural bending and torsion in the initial configuration of the model.
One way to define the directors for the initial state of a curve is to use the Frenet frame
[Kre91], whose three axis vectors are the tangent, principle normal and bi-normal of the
Chapter 6. Hybrid Blood Vessel Model 42
centerline. However, Frenet frame is ill-defined at an inflection point, where the curvature
and normal change sign. This results in the undesirable flipping of the directions of the
Frenet frames.
Another way to define the initial directors is to use rotation minimizing frame (RMF)
[Klo86, WJZL08]. A RMF is a moving frame along the centerline that minimizes the
amount of rotation of the frame. RMF has desirable properties for describing torsion and
bending in the initial state. So, RMF is used to define the initial directors in our hybrid
model.
It is very difficult to compute the exact RMF for a general spline curve [WJZL08]. A
projection method [Klo86] and a rotation method [Blo90] can be used to approximate dis-
crete RMF. These methods have second-order global approximation error [CW96]. Wang
et al. [WJZL08] presented a simple and efficient algorithm to approximate RMF, namely
double reflection method. Their method has fourth-order global approximation error,
and is thus more accurate than the first two. Therefore, the double reflection method is
adopted to generate the directors in the initial configuration. After generating the direc-
tors, the rotation vector q can be derived from Eq. (6.12) and Eq. (6.13) by first converting
the directors to a rotation matrix, and then computing the corresponding rotation axis
and angle.
After deriving the directors, the mapping function f that binds the mesh vertices to
the Cosserat rod is determined according to Eq. (6.18):
pi = r(s) + xid1(s) + yid2(s) + zid3(s). (6.26)
where s is pi’s corresponding centerline parameter on the reference rod. It is determined
by the normal projection of pi on the centerline. For surface points that do not belong to
any branch, they are mapped to the closest joint and the corresponding r and dk are the
position r0 and orientation q0 of the joint.
6.3 Discrete Implementation of Hybrid Model
A blood vessel behaves globally like a rod even if its deformation undergoes cross-sectional
changes. So, global deformation and cross-sectional deformation can be decoupled into
two phases. First, the reference Cosserat tree is deformed according to Cosserat theory
and user-specified boundary conditions (Section 6.3.1). Next, the mesh is deformed using
Laplacian deformation according to its elastic binding to the reference Cosserat tree and
its surface elastic energy (Section 6.3.2).
6.3.1 Discretization of Cosserat Potential Energy
Let us discretize a reference rod B parameterized by s ∈ [0, L] into N−1 segments, and ri
denote the starting point of segment i, i = 1, 2, ..., N − 1, and i = N denote the end point
of segment N − 1. The rod’s configuration is then given by {ri,qi}. The first derivatives
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, for i ∈ {2, 3, ..., N} (6.27)










where li is the segment length of initial configuration, l¯i = (li−1 + li)/2. We define















The potential energy EB of a branch is the sum of Ei over the whole branch, and the
potential energy E of the whole Cosserat tree is the sum of the potential energies of all
the branches, as defined in Eq. (6.17).
To manipulate the reference Cosserat tree, we can specify boundary conditions on the
rod branches, as well as the joints. There are three types of boundary conditions for
manipulating the branches of Cosserat tree:
1. Specify the position r.
2. Specify the orientation q.
3. Specify the orientation of one of the three directors.
Under the specified boundary conditions, quasi-Newton algorithm [PTVF02] (Appendix A.3)
is applied to minimize the total potential energy, which yields the deformed configuration
of the Cosserat tree that satisfies the boundary conditions.
6.3.2 Laplacian Surface Deformation
When a blood vessel deforms, its surface stretches and bends locally. The formulation of
surface deformation is thus founded on the measure of surface stretching and bending en-
ergies. For discrete mesh models, various techniques have been proposed in the literature
to estimate the energies (e.g., [Gri06]). Since stretching and bending are essentially non-
linear characteristics, the resulting deformable model are usually non-linear, which can be
computationally expensive. A popular approach for efficient and realistic deformation of
surface mesh models is Laplacian deformation [BS08, MYF06, MDSB02, SLCO∗04]. It
approximates the surface bending energy using linear Laplacian operators. Other geomet-
ric conditions can be easily included to constrain the deformation. In our model, surface
bending, surface stretching, and surface binding are formulated to constrain the Laplacian
deformation.
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(a) (b)
Figure 6.6: Rotation-invariant Laplacian deformation. (a) Non-rotation-invariant Lapla-
cian deformation distorts surface details. (b) Rotation-invariant Laplacian deformation
produces no distortion. The lighter model denotes the initial configuration, and the
brighter model denotes the deformed configuration.
The following section describe the mathematical formulation of the energies in volved
in Laplacian deformation. Detailed implementation of Laplacian deformation algorithm
is presented in Appendix B for completeness.
A. Surface Bending
Surface bending can be measured by the change of curvature at each point p on the




wi (p− pi) (6.30)
where N(p) is the set of neighboring points connected to p in the mesh. The magnitude
of l(p) approximates the mean curvature at p, and the direction of l(p) approximates
its normal. The weight wi can be either uniform weight or cotangent weight [MDSB02].
In our case, we adopt the former for simplicity, i.e., wi = 1/|N(p)|, where |N(p)| is the
number of neighboring mesh points connected to p.
Surface bending energy is defined as the change of Laplacian before and after defor-
mation:
Eb(p) = kb‖l(p)− l
0(p)‖22, (6.31)
where l0(p) is the Laplacian of p in the initial configuration of the surface, kb is the
bending stiffness, and ‖ · ‖22 is the square of the Euclidean norm.
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The formulation of Eq. (6.31) suffers from the shortcoming that l0(p) is defined in the
world coordinate system. By minimizing Eb(p), the Laplacian method requires the new
l(p) to be close to l0(p), which creates undesirable distortion of the object’s shape when the
object deformation causes a change of orientation of a local patch (Fig. 6.6). To handle this
problem, rotation-invariant Laplacian methods have been proposed [BS08, MYF06]. For
example, the method of Masuda et al. [MYF06] computes rotation-invariant Laplacians by
approximating the rotations of the normals at the mesh vertices. In our model, rotation-
invariance is achieved by measuring the Laplacians with respect to the directors of the
reference rod, which are intrinsic properties of the rod. This approach is more natural
than existing approaches for achieving rotation invariance of Laplacian for tubular objects.
For each point p, the rotation of its local patch can be considered as the rotation
of p’s associated directors with respect to the world coordinate system, which can be
directly approximated from the reference rod. Let us use R(p) to denote the rotation of
p’s associated directors. The bending energy can then be expressed as:
Eb(p) = kb‖l(p)−R(p) l
0(p)‖22, (6.32)
In this way, the difference due to rotation of local patches is removed (Fig. 6.6). This
method of computing rotation-invariant Laplacian is accurate as long as the rotation
of the local patch is close to the rotation of the associated directors, regardless of the
complexity of the surface geometry. Empirical test shows that this condition is met in
practice.
Assembling Eq. (6.32) for all the mesh points gives the total bending energy Eb:
Eb = ‖Lx− u‖
2
2. (6.33)
The term Lx contains l(p), and u contains R(p) l0(p). The vector x is the coordinates
of all the mesh points. For details about the implementation of Laplacian deformation,
please refer to Appendix B.
B. Surface Stretching
Surface stretching energy is measured by the change of edge lengths [Gri06]. For every
edge e that connects point pi and pj in the mesh, the stretching energy is formulated as













This energy term is non-linear because of the Euclidean distances. In order to facilitate
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the optimization procedure, we write it in its equivalent form:










Assembling the edge stretching energy Eq. (6.36) for all the mesh points gives the total
stretching energy Es to be minimized:
Es = ‖Dx− s(x)‖
2
2 (6.38)
where Dx contains dij terms and s(x) contains sij terms. Note that in this case D is a
fixed matrix that does not change during optimization.
C. Surface Binding
The deformed reference Cosserat tree obtained in the first phase (Section 6.3.1) of the algo-
rithm defines a corresponding mesh surface according to the binding function Eq. (6.26).
This mesh surface cannot be used directly as the deformed surface of the blood vessel
because it has not accounted for elastic surface deformation, i.e., cross-sectional changes.
Nevertheless, the vertices of the mesh can be used as soft constraints for applying Lapla-
cian deformation on the initial mesh to generate realistic deformed surface.
Denoting the vertices of this corresponding mesh as p1, the surface binding energy is:
Ex(p) = kx‖p− p
1‖22 (6.39)





where Fx contains p terms and w contains p1 terms. The value of binding coefficient kx
determines the amount of cross-sectional change allowed. If kx is very larger, the cross-
sections of the blood vessel cannot change much, and the overall behaviour of the blood
vessel will be like a Cosserat tree. The effect of the binding coefficient will be discussed
further in Section 6.4.
D. Surface Deformation
The total energy E to be minimized is obtained by summing Eqs. (6.33, 6.38, 6.40):
E = Eb + Es + Ex (6.41)
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which is equivalent to minimizing
‖Kx− z(x)‖22 (6.42)
where K = (L⊤ D⊤ F⊤)⊤ and z(x) = (u⊤ (s(x))⊤ w⊤)⊤.
This is a non-linear optimization problem. However, the matrix K is a fixed sparse
matrix during the optimization process. So, its pseudo inverse can be precomputed be-
fore optimization. During the optimization process, backward substitution is applied to
solve the system as demonstrated in [WXW∗06b] (Appendix B.2). In this way, surface
deformation can be efficiently solved even though Eq. (6.41) contains non-linear stretching
energy.
6.3.3 Quasistatic Simulation
There are two current approaches for simulating deformation of elastic objects: dynamic
simulation and quasistatic simulation [TGDM07]. Dynamic simulation models object
motion based on Newtonian or Lagrangian equation of motion. It generates dynamic
transition between the object’s rest states. On the other hand, quasistatic simulation
assumes that the system goes through a sequence of states that are infinitesimally close to
equilibrium. Given the boundary conditions specified by the user, quasistatic simulation
minimizes the object’s energy function to generate a sequence of equilibrium states.
Dynamic simulation can generate physically accurate motion if the time step and time
integration scheme are properly chosen. However, it is computationally more expensive
than quasistatic simulation for generating static solutions [TGDM07]. Quasistatic simu-
lation provides accurate simulation results at equilibrium states, but does not guarantee
smoothness and correctness in state transition. For example, it does not simulate oscilla-
tion. In predictive surgery simulation, where the response speed and accurate final states
are more important than state transitions, quasistatic simulation is preferred.
Quasistatic simulation algorithm works as follows. Given the user-specified boundary
conditions that define the required deformation of the tube, the algorithm first interpolates
the boundary conditions for the intermediate simulation steps. Then, for each simulation
step, static solution of the reference Cosserat tree is computed using quasi-Newton opti-
mization algorithm [PTVF02] (Appendix A.3). After that, the surface deformation energy
is optimized to generate the deformed tube at the current simulation step.
6.4 Experiments on Single Hollow Tube
Experiments were performed to evaluate the performance of the hybrid model. Since the
hybrid model can be used to simulate any elastic tubular objects not limited to cardiac
blood vessels, this section illustrates the application of the model to a single hollow tube.
In this case, the Cosserat tree degenerates into a single Cosserat rod. The simulation
results for tree-structured blood vessels will be presented in Chapter 7.
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(a) (b) (c)
Figure 6.7: Manipulation of aorta model. (a) Initial configuration. The lower end is fixed
in position and orientation. The other end is (b) displaced and (c) intentionally rotated,
causing twisting of the aorta for comparison.
(a) (b)
Figure 6.8: Deformation and joining of vena cava model. (a) Initial configuration. (b)
Vena cava is deformed and joined to another blood vessel with minimum twisting.
Figure 6.7 illustrates the manipulation of an aorta model, which is naturally curved.
The lower end of the aorta model (descending aorta) was fixed in both position and
orientation. The upper end (ascending aorta) was moved to a lower position without
constraint on its orientation. The algorithm produced the configuration with minimum
amount of torsion and satisfied the boundary condition on the two ends (Fig. 6.7(b)).
For comparison, another configuration was produced by intentionally rotating the upper,
which caused twisting of the aorta (Fig. 6.7(c)). This illustrates the difference from a
minimum torsion configuration.
In Figure 6.8, the curved vena cava model was deformed to join with another blood
vessel. As the shapes of the two joining boundaries were different, the cross-sections of the
vena cava model changed after joining to fit with the fixed blood vessel. The joining of
the two blood vessel boundaries was achieved by imposing positional constraints between
the two ends (Appendix B).
Figure 6.9 illustrates shearing of elastic tubes with different material properties. In
this test, the left end of the tube was fixed in both position and orientation. The right
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(a) (b) (c) (d)
Figure 6.9: Shearing of elastic tubes. (a) Initial configuration. The left end (red) is fixed
in both position and orientation. The right end (yellow) is moved. (b–d) Deformation
results of elastic tube with different material properties. (b) Y = 0.1, G = 0.1. (c) Y =
0.1, G = 10. (d) Y = 0.1, G = 120.
end was moved. All the three rods had the same value for Young’s modulus but different
shear moduli. For the rod with low shear modulus (Fig. 6.9(b)), bending and stretching
were resisted, while shearing was allowed. For the rod with a higher shear modulus
(Fig. 6.9(c)), the resistance to shearing increased. For the rod with very high shear
modulus (Fig. 6.9(d)), it was hard to shear.
Figure 6.10 compares our model with a real elastic tube that the surgeon used to
emulate blood vessels during surgery planning. Both the real tube and our tube model
were manipulated at their two ends. They were bent and twisted in various ways. The
similarity of our tube model to the real one shows that our method can produce physically
correct behaviors of the tube under various conditions, even if it undergoes large amount
of cross-sectional changes.
Figure 6.10(h) illustrates mesh variation with respect to change of material property in
simulating the twisting example in Figure 6.10(c). The Young’s and shear moduli varied
from their default values by a factor ranging from 0.01 to 100. Figure 6.10(h) shows that
the deformation algorithm is robust, i.e., it produces small mesh variation with small
change of material property. The slight fluctuation of the curves for factors close to 1
may be attributed to the non-linear behavior of the model and numerical error in discrete
optimization.
Figure 6.11 illustrates that our hybrid model can also be used to model hollow objects
with non-circular cross-sections. Note that the surface mesh was not acquired from scan-
ning the toy shark shown in the upper row of Figure 6.11. Thus, their geometric structures
were different and the deformed shapes were not exactly the same. However, our simula-
tion results still correctly produced the folding effects on the model surface when it was
bent.
In addition to simulating the deformation of hollow elastic tube, our model can also
be used to produce the effect of pressurized tubes. This is achieved through tuning the
binding stiffness kx in Eq. (6.39). Small kx means the deformation depends more on the
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(d) (e) (f) (g)












Figure 6.10: Deformation of elastic tube. Our model deforms realistically compared to a
real tube (upper parts of the pictures). (a) Initial configuration. (b, c) Slight bending and
different amount of twisting. (d–g) Different types of bending. (h) Mesh variation with
respect to change of Young’s modulus Y and shear modulus G.
surface elastic energy, in which case the cross sections are more hollow, corresponding to
slight or no pressure. Large kx means the deformation depends more on the reference
rod, in which case the cross sections are more solid, in analogy to water running through
the tube and producing high pressure. We evaluated this effect in comparison with a real
water hose. Various amount of water was running through the water hose (Fig. 6.12). In
the simulation, we started with a straight tube and bent it to approximate the hand held
water hose. The test results show that even though our method does not explicitly model
pressure, it can produce physically plausible results that correspond to deformation of a
pressurized water hose. The simulation results are similar to the real water hose both in
the shape of the tube and in the surface details. The potential benefit of this effect is the
possibility to simulate blood vessels with or without blood passing through them.
All the above experiments were carried out on a 2.33 GHz Core 2 Duo PC. The
execution time for one step in the quasistatic simulation is summarized in Table 6.1.
Normally 10 steps were performed to generate the deformed configuration. For larger
Chapter 6. Hybrid Blood Vessel Model 51
(a) (b)
Figure 6.11: Representing a hollow toy shark using our hybrid model. (a) Initial configu-
ration. (b) Deformed configuration.
(a) (b) (c) (d)
Figure 6.12: Simulation of pressurized tube. Tuning the binding stiffness kx simulates the
effects of pressure in the tube. (a) kx = 0.01, (b) kx = 0.2, (c) kx = 0.5, (d) kx = 2. For
all the four cases, the reference rod is the same. It is most similar to the centerline of the
tube in (d). Therefore, after deformation, the reference rod does not necessarily lie inside
the mesh model.
amount of deformation, the number of steps were larger. For example, 20 steps were used
for the deformation shown in Figure 6.12. Note that for applications that require only
the final deformed shape (e.g., surgical planning), Laplacian surface deformation does not
have to be computed for each simulation step because it can be directly solved from the
initial configuration of the surface. This can save a lot of computation time especially
when the mesh model includes a large number of vertices.
The material properties were set as Y = 1.0 and G = 0.3 for the aorta (Fig. 6.7)
and vena cava (Fig. 6.8), Y = 0.1 and G = 0.1 for the elastic tube (Fig. 6.10), Y = 10
and G = 5 for the toy shark (Fig. 6.11) and pressurized tube (Fig. 6.12). The stretching
coefficient ks can be derived by Y through Eq. (6.35). The bending coefficient kb and
binding coefficient kx of a mesh point were generally set as the average of the ks’s of the
edges connected to this point, multiplied by a scalar, λb and λx respectively. In the above
experiment settings, λb for kb was 3, and λx for kx was 0.3 except for Figure 6.12 where
kx was varied to test its effect. Note that the same set of material properties and model
coefficients for the aorta and vena cava was also applied to the surgical operation examples
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Table 6.1: Average execution time for one simulation step.
Figure Rod elements Mesh vertices Rod deformation (s) Surface deformation (s)
6.7 40 14148 0.58 1.42
6.8 30 17944 0.30 1.94
6.10 30 4588 0.32 0.51
6.11 20 7351 0.21 0.89
6.12 56 2368 1.01 0.24
illustrated in Chapter 7.
6.5 Collision Handling
Since there are two components in the hybrid model. The collision handling approach
need to deal with both the Cosserat tree and the surface mesh.
For two Cosserat trees T1 and T2, collision is detected based on the pairwise distance
between points of the two Cosserat trees. When the distance between a point r1 in T1 and
a point r2 in T2 is less than the sum rs of their corresponding radii, then collision occurs.
In that case, constraint of no collision is introduced into the two Cosserat trees to move




(rs − ‖r1 − r2‖2) , (6.43)
which is large enough to avoid penetration.
For two colliding surface mesh models A and B, intersecting triangles are first detected
using the algorithms in the proximity query package [GLM96, LGLM99]. Next, the vertex
sets of A inside B, and B inside A are detected. Vertex correspondence between these
two sets are then determined to introduce penalty energies into the Laplacian deformation
scheme to resolve the collisions. For a pair of colliding vertices pA in A and pB in B, the
penalty energy is
Ep(pA,pB) = kp‖pA − pB‖
2
2 , (6.44)
where kp is the stiffness coefficient. To use this method to resolve surface collision, the two
mesh models A and B should be integrated into a single Laplacian deformation system,
with the unknown vector x being the concatenation of their vertex coordinates.
6.6 Summary
This chapter presented a hybrid model for simulating the elastic deformation of blood
vessels. For achieving accurate and efficient deformation of the blood vessel, our model
binds a mesh elastically to a reference Cosserat tree. The mesh represents the surface of
the blood vessel while the reference Cosserat tree models bending, twisting, shearing and
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stretching of the blood vessel branches. In practice, the 3D blood vessl models obtained
for surgical simulation are triangular meshes. Therefore, a model construction algorithm
is also presented to build the hybrid model from 3D meshes.
The deformation of the hybrid model is accomplished in two phases. First, the reference
Cosserat tree is deformed according to Cosserat theory. Next, the mesh is deformed using
Laplacian deformation according to the reference rod and its surface elastic energy. This
hybrid approach allows the blood vessel to deform in a physically correct manner in relation
to the its global bending, twisting, shearing, and stretching. It also allows the surface to
deform realistically and efficiently according to surface elastic energy and the shape of the
Cosserat tree.
In the hybrid model, the coupling between the reference Cosserat tree and the blood
vessel surface is one-way coupling. That is, the deformation of the reference Cosserat
tree affects the surface, but not vice versa. An alternative approach is to use a two-way
coupling approach, in which the change of the surface will also affect the shape of the
reference Cosserat tree through the binding relationship. In this case, the deformation
should iterate back and forth between Cosserat tree and surface until convergence. This
process would result in a significant increase in the number of iterations, and is thus
computationally expensive. Therefore, this thesis adopts the one-way coupling approach,
and leaves the two-way coupling approach for future investigation.
Test results show that our model is effective in simulating the elastic deformation of
tubular objects with various cross-sectional shapes and material properties. In addition,
it can also be used to produce realistic deformation of pressurized tubes.
Chapter 7
Simulation of Surgical Procedures
This chapter demonstrates application examples of the predictive surgery simulation sys-
tem. Among these examples, neo-aorta reconstruction (Section 7.1) and bidirectional
Glenn shunt (Section 7.2) are discussed in detail to illustrate the formulation and solu-
tion of computational problems to accomplish mid-level or high-level system requirements.
The other high-level procedures, namely arterial switch operation (Section 7.3), extracar-
diac TCPC (Section 7.4), and Norwood procedure (Section 7.5), consist of a sequence of
mid-level tasks and low-level operations. They are presented to illustrate the integration
of mid-level tasks and low-level operations in high-level procedures.
7.1 Neo-aorta Reconstruction
Neo-aorta reconstruction is a mid-level surgical task that appears in arterial switch op-
eration (ASO) and Norwood procedure [GS04]. It connects the transected aorta to the
neo-aortic root. Note that the diameter of aorta may be larger than, similar to, or smaller
than that of the neo-aortic root. In the first two cases, the aorta can be directly joined
to the neo-aortic root with proper folding of the aortic boundary if the diameters do
not match. They can be easily simulated with end-to-end join. The third case is more
complex, where the aorta needs to be cut longitudinally, opened, and patched with an
additional tissue to expand it [GS04]. The cut path are typically decided by the surgeon
based on anatomical and surgical considerations. As the third case is common in ASO
and is always the case in Norwood procedure, this section focuses on simulation of the
third case where the aorta is narrower.
7.1.1 Problem Formulation
From computational point of view, the following inputs are required from the user: the
cut position at the end of the aorta, the cut path, and the joining correspondence between
the two ends. The four mid-level constraints described in Section 4.2.2 are all required
to be satisfied. Additionally, as the aorta is expanded with a patch, the end of the aorta
is not stretched. Therefore, the joining correspondence can be computed based on only
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Figure 7.1: Reconstruction of neo-aorta. (a) Aorta A is cut at c longitudinally (dotted
line), (b) opened and patched with a tissue P (shaded surface) to fit neo-aortic root R.
Ellipses denote the boundary curves at the ends of A and R, n is surface normal and t is
surface tangent.
a single pair of anchor points on the aorta and the neo-aortic root (a and r in Fig. 7.1).
Hence, the problem of predictive simulation of neo-aorta reconstruction can be defined as:
Given models of the aorta A and the neo-aortic root R, where A is narrower
than R, a cut position c at the end of A and a cut path l along the long axis of
A, the corresponding anchor positions a on A and r on R (Fig. 7.1), determine
the shapes of the opened aorta A′ and the patch P that form smooth and
leakage-free joins with R.
The predictive simulation of neo-aorta reconstruction requires all the three low-level model
operations: model cutting, model displacement and deformation, and model joining. The
aorta A is modeled by the hybrid blood vessel model described in Chapter 6. The neo-
aortic root, as it is connected to the heart and its deformation is negligible compared to
that of the aorta, is regarded as a rigid object in the predictive simulation.
7.1.2 Predictive Simulation Algorithm
The neo-aorta reconstruction algorithm can be summarized as follows:
1. Expand aorta A to join with neo-aortic root R:
(a) Cut aorta A along the specified cut path.
(b) Move the end of cut A to the neo-aortic root
(c) Expand the cut A into A′, with positional hard constraints to join opened aorta
A′ to neo-aortic root R. Anoher point a on A conincides with r on R.
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2. Compute appropriate patch P :
(a) Reconstruct a complete surfaceA′′ using Poisson surface reconstruction [KBH06].
(b) Cut patch P from A′′.
Details of the algorithm are explained in the following paragraphs.
1. Expand Aorta to Join with Neo-Aortic Root
Step 1 cuts the aorta A along the specified cut path and opens it to obtain the opened
aorta A′. To fit A to R, each end point b on the boundary U of A is mapped to its new
position b′ on the boundary U ′ of A′, which will join with the boundary V of R. Each
point b on U is mapped to a position q on V such that
dU (a,b) = dV (r,q) (7.1)
where dU and dV are the distances measured along U and V respectively. Note that q
is just a position on V . It is not necessary that a mesh point exists at position q on
V . To ensure a close fit between U and V , each mesh point on V is also mapped to a
corresponding position b on U according to Eq. (7.1). A new point and the associated
edges are then added to A at position b.
Step 1(b) deforms the cut aorta A to match the neo-aortic root using the hybrid
blood vessel model described in Chapter 6. Type 1 and Type 2 boundary conditions are
imposed on the descending end to fixed both the position and orientation. Type 1 and
Type 3 boundary conditions are imposed on the ascending end to moved it to the center
of the aortic root, with d3 aligned with the normal direction of the cross-sectional plane
at the end of the neo-aortic root.
Step 1(c) is performed using the Laplacian surface deformation method with positional
constraints. To join the boundaries of aorta and neo-aortic root, hard constraints on the
positions of points b′, i.e., b′ = q, need to be introduced to force a leakage-free join. They
are represented by the equation:
Hx = d (7.2)
where x is a vector of all the mesh points in A′, d is a vector of the desired coordinates of
b′, and H is a matrix that relates x and d.
To achieve smooth joining, the surface tangents of the corresponding end points b′ on
A′ and q on R must match. As there is more than one surface tangent at a point, the
one that is normal to the boundary curve is chosen. Let b be a boundary point on U and
b1, . . . ,bn denote the neighboring points of b. Among these connected neighbors, there
is a neighbor b t such that b − b t is (approximately) normal to the surface normal and
U . This point bt is called the tangential point (Fig. 7.2), which is used to specify smooth
join constraint in a way that fits Laplacian deformation method.
The tangential point b t of b is computed as follows. First, the normal n(b) at b is
estimated by the weighted mean of the normals of the neighboring faces of b. Next, the








Figure 7.2: Tangential point.
(a) (b)
Figure 7.3: Effect of smooth joining constraint. A end-to-end join (a) with and (b) without
smooth joining constraint.
required surface tangent t(b) is computed as the cross-product n(b)× (b−b1), where b1
is the boundary point connected to b. The difference vector (b − b1) approximates the
tangent of U at b, which is normal to the required surface tangent. Then, the tangential
point b t of b is the point whose difference vector b− b t is most parallel to t(b).
The tangential point is used as a linear approximation of the corresponding surface
tangent of b′. The desired surface tangent w(b′) at a boundary point b′ is given by the
tangent t(q) at the corresponding boundary point q on V . This tangent t(q) is computed
in the same way as t(b) described above.
Now, the smooth join constraint can be specified as
b′ − b′t = w(b
′), where w(b′) = −t(q)‖b− b t‖/‖t(q)‖. (7.3)
In Eq. (7.3), b′ and b′t are unknown variables while the other vectors are computed from
the initial configuration.
Equations (7.2) and (7.3) can be easily imposed in the surface deformation system de-
scribed in Eq. (6.42), and solved iteratively using Gauss-Newton method, as demonstrated
in [WXW∗06a], in conjunction with the equality-constrained least square method for hard
constraint enforcement [MYF06]. Details of the implementation of these algorithms are
presented in Appendix B.2. Figure 7.3 illustrates the effect of introducing smooth join
constraint Eq. (7.3). When smooth join constraint is imposed in the surface deformation
system, the join result (Fig. 7.3(a)) is smooth. In contrast, the join generated without
smooth join constraint is not smooth (Fig. 7.3(b)).
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(a) (b) (c) (d)
Figure 7.4: Neo-aorta reconstruction: expanded aorta and patching. (a) Expanded aorta
is joined to the neo-aortic root. (b) Poisson surface reconstruction. (c, d) Neo-aorta
reconstruction result. The patch is displaced in (d) for visual clarity.
2. Compute Appropriate Patch
After opening aorta A into A′ and joining it to neo-aortic root R (Fig. 7.4)(a), the next
step is to generate an appropriate patch P to fill up the hole. To do this, one possible
method is to apply shape completion algorithms such as [PGSQ06]. These algorithms
find an appropriate patch on the object either manually or automatically based on shape
features, and then deform it to fit the hole. In our application, this patch cannot be
found on the aorta A because A cannot fit R. Instead, the patch is determined through
reconstructing a surface A′′ that fits both A′ and R.
In Step 2(a), the Poisson surface reconstruction method [KBH06], which generates a
smooth and complete two-manifold surface based on a point set with normal directions,
is applied to generate the surface A′′ based on the join result of A′ and R (Fig. 7.4(b)).
Next, A′′ is refined using loop subdivision method [Loo87] to improve the quality of its
triangles. Note that surface points on A′′ are very close to the surface of A′. Therefore,
in Step 2(b), the patch P can be obtained by cutting A′′ along the cut edges of A′ that
coincide with the surface of A′′ (Fig. 7.4(c, d)).
7.1.3 Experimental Results and Discussions
Three-dimensional models of the heart, aorta, pulmonary trunk, and superior vena cava
were reconstructed from a patient’s CT images (Fig. 7.5(a)) to evaluate the performance of
the predictive simulation algorithm on neo-aorta reconstruction. The aorta was narrower
than the pulmonary trunk. So, the aorta must be expanded to match the pulmonary root.
This test started with the the result of transection of the aorta and pulmonary trunk
(Fig. 7.5(d)), which is the first stage of ASO (Section 7.3). First, user specified the cut
path by picking a series of points and the anchor points at the end of the aorta and the neo-
aortic-root (Fig. 7.5(a, b)). Then, the system computed the cut path and the predictive
simulation algorithm for neo-aorta reconstruction was performed. In joining the expanded
aorta to the neo-aortic root, the other end of the aorta was fixed in place. Figures 7.5(e)
and (f) show that the algorithm can correctly expand the aorta and compute the patch
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(a) (b)
(c) (d) (e) (f)
Figure 7.5: Neo-aorta reconstruction. (a) Cut points for indicating a cut path. (b) Anchor
points that indicate join positions of aorta and neoo-aortic root. (c) Input model of a
heart with TGA. (d) Arterial transection results. The aortic root and pulmonary trunk
are removed for visual clarity. (e, f) Reconstructed neo-aorta. AO: aorta, PA: pulmonary
artery, SVC: superior vena cava.
to form smooth, leakage-free joins between the various components.
Cut paths of various length were tested. Fig. 7.6(a, b)) show the different expansion
results due to different lengths of the cut path. The longer cut path (Fig. 7.6(b)) generates
a larger hole than that generated by the shorter cut path (Fig. 7.6(a)). The corresponding
anchor points on the aorta and neo-aortic root for joining can be either specified by the
user, or automatically generated based on the minimum twisting configuration of Step 1(b).
Good anchor points minimizes the amount of stretching and twisting of the reconstructed
aorta (Fig. 7.6(c)). On the other hand, if user specifies poor anchor points, the amount of
stretching and twisting will be larger (Fig. 7.6(d)), which is undesirable in real surgery.
7.2 Bidirectional Glenn Shunt
Bidirectional Glenn shunt (BDG) is a very important operation involved in the treat-
ment of several congenital heart detects such as tricuspid atresia, hypoplastic left heart
syndrome, and single ventricle anomalies [GS04]. It is performed by first detaching the
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(a) (b) (c) (d)
Figure 7.6: Neo-aorta reconstruction: result comparison. (a, b) Cut paths of different
length generate different expansion results. (c) Good anchor points result in minimum
stretching and twisting of aorta. (d) Poor anchor points result in large amount of stretching
and twisting. Dark shading indicates amount of stretching.
superior vena cava (SVC) from the heart through a transection on the SVC, then making
an incision on the top side of the right pulmonary artery (RPA), and connecting the distal
end of the SVC to the top side of RPA. After BDG, venous blood from the head and upper
limbs will pass directly to the lungs, bypassing the right ventricle such that the volume
load on the ventricle will be decreased and the oxygen saturation will be improved.
7.2.1 Problem Formulation
In the surgical planning of BDG, the surgeon needs to decide: a) the position of the
transection on the SVC to detach it from the heart, b) the incision path on the top side
of the RPA, and c) the correspondence between the two joining boundaries to join the
SVC and RPA with minimum twisting. These decisions should be carefully made for
every patient to reduce the potential risk (e.g., obstruction of blood flow) and to improve
the long-term outcome. In addition, the surrounding cardiac structures limit the moving
space of the SVC and RPA, making the surgical decisions very crucial.
The predictive simulation problem of BDG can be formulated as follows:
Given models of the cardiac blood vessels, a transection point c on the SVC,
and an incision point i on RPA, determine the shapes of the transected SVC
and the cut RPA that form a leakage-free join, with minimum amount of
twisting of the SVC.
The predictive simulation of BDG requires transection, incision, displacement/deformation,
and end-to-side join. In the simulation, The blood vessels, including the aorta, the pul-
monary artery, and the superior vena cava, are all modeled by the hybrid blood vessel
model (Chapter 6).
7.2.2 Predictive Simulation Algorithm
The simulation algorithm of BDG consists of the following three steps:
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(a) (b) (c)
Figure 7.7: Models and inputs for BDG. (a) Heart and blood vessel models reconstructed
from a patient’s CT images. (b) User input points to indicate surgical options. (c) Cross-
sectional cut path and incision path generated by the system. AO: aorta. SVC: superior
vena cava. L/RPA: left/right pulmonary artery.
Step 1. Given the cut position c on the SVC (Fig. 7.7(b)), the algorithm computes its
projection to the reference rod of SVC to get the parameter s and the cross-sectional plane
Xs of the reference rod (Fig. 7.7(c)). The surface is cut by this cross-sectional plane and
the reference rod is split into two parts.
Step 2. Given the incision point i on the RPA (Fig. 7.7(b)), an incision path is drawn
on RPA’s surface (Fig. 7.7(c)) such that it is parallel to RPA’s reference rod and the
mid-point of the path is the input point i. The length of the incision path is equal to half
of the perimeter of the distal end of the cut SVC.
Step 3. The point correspondence between the two joining boundaries is established
such that the center of the distal end of SVC is aligned with point i, and its director
d3 is normal to the surface of RPA. Next, the deformation algorithm is applied to solve
for the configuration that minimizes the Cosserat tree potential energy (Eq. (6.17)), the
surface elastic energy (Eq. (6.41)), and an additional spring energy introduced to join
the corresponding points of the two boundaries. Collision handling is then performed to
ensure that the blood vessels do not penetrate each other.
7.2.3 Experimental Results and Discussions
For testing the predictive simulation algorithm, three sets of 3D models of the heart,
aorta, pulmonary artery and superior vena cava were reconstructed from three patients’
CT images.
Among the three sets of patient data, the first one (Fig. 7.7(a)) contains an SVC
with no branches. It was used to demonstrate the evaluation of predicted surgical results
according to different surgical options (Fig. 7.8). Qualitative validation was also performed
on the first data set to illustrate the visual accuracy of the simulation (Fig. 7.9). The other
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(a) (b) (c) (d) (e)
Figure 7.8: Predicted surgical results of various surgical options. (a) Desired result, free of
congestion and excessive twisting. (b) Result with undesirable twisting indicated in green.
(c–e) Different selections of cut points on SVC result in different amount of pressure due
to collision with aorta. SVC’s are made semi-transparent to illustrate the pressure in red.
(a) (b) (c) (d)
Figure 7.9: Comparison of simulation results and real data for BDG. (a, c) Simulation
results. (b, d) Volume rendering of postoperative CT data. (a, b) Frontal view. (c, d)
Side view.
two data sets contain normal SVC’s that have branches (e.g., Fig. 7.10). They were used
to quantitatively validate the performance of the hybrid blood vessel model.
Qualitative Evaluation
Figure 7.8(a) shows a desired surgical result performed on the first data set. The resulting
blood vessels are free of congestion and twisting. Explicit modeling of global strains
in our model allows strain values to be easily visualized. For example, by intentionally
rotating the distal end of SVC, undesirable twisting of SVC was produced and visualized
(Fig. 7.8(b)).
The selection of the cut position on the SVC is crucial since it affects the length of the
cut SVC. As shown in Figure 7.8(c–e), when the cut SVC was too short, it collided with
the aorta thus resulting in pressure on both vessels (Fig. 7.8(c)). The pressure decreased
with increasing SVC length (Fig. 7.8(d)), and was eliminated when the cut SVC was long
enough to avoid collision (Fig. 7.8(e)).
A qualitative validation was performed by comparing the simulation result with the
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(a) (b) (c) (d)
Figure 7.10: Simulation of bidirectional Glenn shunt. (a) Input models. (b) Transection
on SVC and incision on RPA. (c, d) Connecting SVC to RPA. AO: aorta. PT: pulmonary
trunk. SVC: superior vena cava. RPA: right pulmonary artery.
volume data of the patient’s postoperative CT rendered by VTK [SML06]. Frontal and
side views of the volume rendering were selected such that the SVC and aorta can be
clearly seen. Figure 7.9 shows that the shapes of the blood vessels in our simulation result
are similar to those in the volume data. The heart model differs somewhat from the real
heart due to segmentation error and rendering effects.
Quantitative Validation
Quantitative evaluation of BDG simulation was performed on the second and third data
sets to assess the accuracy of the hybrid model and the predictive simulation algorithm.
In these two data sets, the input SVC models contained a Cosserat tree with 3 branches
and 46 elements. Since SVC undergoes the largest amount of deformation in BDG, the
SVC models were manually segmented from the postoperative CT images to compare with
our simulation results.
BDG operations were performed on the two sets of input models to first cut the SVC
and RPA (Fig. 7.10(b)), and move the distal end of SVC to join with the top side of RPA
(Fig. 7.10(c, d)). In order to test the effectiveness of the proposed hybrid model, the blood
vessel models were deformed with and without using the reference Cosserat tree.
The simulation results and the postoperative models were compared by their volume
overlap and surface distance. The volume overlap indicates the similarity of the global
shape of the models, while the surface distance measures the similarity of the surface
details.
Note that for these infant patients, the postoperative CT images were scanned 15–33
months after the preoperative CT (Tab. 7.1). Therefore, besides the shape changes due
to operations, there were also shape changes caused by the growth of the infant patients.
Complete resolution of the shape changes due to growth requires an accurate growth model
of the blood vessel, which is currently not available. In this experiment, for simplicity,
we assumed that the heart and blood vessels grew proportionally over time. In this case,
the main difference of the shape changes were due to scaling, while the other factors
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Table 7.1: Quatitative evaluation of BDG simulation results. TI: time interval (months)
between preoperative and postoperative CT scans. VP: segmented SVC in postoperative
CT. WT: with Cosserat tree model. WO: without Cosserat tree model. VS: volume of
simulation result (after scaling). RVD: relative volume difference. VO: volume overlap.
SD: average symmetric surface distance. MD: maximum surface distance. T: execution
time.
Test TI VP (ml.) Model VS (ml.) RVD (%) VO (%) SD (mm.) MD (mm.) T (sec.)
1 33 3.8253
WT 3.2913 13.96 62.94 0.7712 2.7713 10.47
WO 2.7213 28.86 49.46 1.0873 5.9059 5.02
2 15 2.1391
WT 1.8865 11.81 64.41 0.6108 3.3226 10.89
WO 1.8650 12.81 50.88 0.9605 6.2833 5.66
(a) (b) (c)
(d) (e) (f)
Figure 7.11: Visual comparison of SVC segmented from postoperative CT (white) and
simulation results (color). (a–c) Test case 1. (d–f) Test case 2.
were omitted for discussion. Therefore, the simulation results were scaled to the same
scale of the postoperative models and aligned spatially to evaluate their similarity to the
postoperative models.
Table. 7.1 shows that the volume overlap (VO) is 62.94% and 64.41% respectively.
With the relative volume difference (RVD) between simulation results and postoperative
models being 13.96% and 11.81%, the maximum value for volume overlap would be 86.04%
and 88.19% respectively. In terms of volume overlap, the current results are reasonable
because the shape changes of the blood vessels cannot be completely resolved by simple
scaling. As shown in Figure 7.11, the thickness of SVC is generally larger in the postop-
erative models than the simulation results even though their lengths are similar.
The average surface distance (SD) between the simulation results and the postoperative
models is 0.7712mm and 0.6108mm respectively (Tab. 7.1). Since the diameter of an SVC
is around 13mm and 10mm for the two test cases, the average surface distances is less
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than 6.2% of the diameters. Taking into account the shape changes due to patient growth
and possible segmentation errors when constructing the blood vessel models, the similarity
on surface details can be considered remarkable. The maximum surface distances (MD)
are 2.7713mm and 3.3226mm (Tab. 7.1), which are most likely to occur at the vertical
branches of the models, as can be seen in Figure 7.11(b, e).
It is also interesting to note that the similarity values measured for test case 2 are
generally better than those for test case 1. For test case 1 with a larger time interval of 33
months, the volume overlap is smaller than that of test case 2 (Tab. 7.1). The same result
is observed for difference in thickness (Figure 7.11). These observations indicate that
the blood vessel growth does affect the evaluation results. Therefore, for more accurate
evaluation of the predictive simulation system, the postoperative CT scans should be taken
soon after the operation.
Table 7.1 also compares the simulation results generated by the deformation methods
with and without the reference Cosserat tree. It shows that the hybrid model significantly
improves the simulation accuracy, with an increase of 13–14% on volume overlap (about
20% improvement) and a decrease of 0.3mm on average surface distance (about 50%
improvement). The increase in execution time required for deforming Cosserat tree is only
around 5.5 seconds on a 2.33 GHz Core 2 Duo PC. These results show that the Cosserat
tree is indeed important for achieving accurate simulation results without incurring large
increase in execution time.
7.3 Arterial Switch Operation
Arterial switch operation (ASO) consists of four main stages (Section 2.3):
1. Transection of aorta and pulmonary artery.
2. Transfer of coronary arteries.
3. Reconstruction of neo-aorta.
4. Reconstruction of neo-pulmonary artery.
The first stage is low-level surgical operation, while the other three stages are mid-level
surgical tasks. The second stage requires the coronary artery models. However, since
the coronary arteries of infants are very thin, they normally appear only in one or two
slices of the CT images, which are insufficient for reconstructing acceptable 3D models.
Therefore, the second stage of ASO is not presented in this thesis. The third stage, neo-
aorta reconstruction, has been presented in Section 7.1. Hence, this section illustrates the
fourth stage (reconstruction of neo-pulmonary artery) and the integration of the whole
high-level procedure.
Note that ASO has many variations. This section simulates only a simple variation,
which includes switching of the aorta and pulmonary artery. More complex variations
involve very complex operations such as tunneling one artery through another. They are
not supported by the current system, and will be investigated in future work.
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(a) (b) (c) (d)
Figure 7.12: Neo-pulmonary artery reconstruction. (a, c) Before reconstruction. (b, d)
After reconstruction.
(a) (b) (c)
Figure 7.13: Arterial switch operation. (a) Input models. (b, c) Simulation result of ASO
from two viewing angles. AO: aorta. PA: pulmonary artery. SVC: superior vena cava.
A. Neo-pulmonary Artery Reconstruction
Reconstruction of neo-pulmonary artery contains two low-level surgical operations: dis-
placement and deformation, and end-to-end join. The pulmonary artery is moved and
connected to the neo-pulmonary root. Compared to neo-aorta reconstruction with expan-
sion (Section 7.1), this operation is simpler and easier to simulate because it contains only
displacement and joining operations. However, since the pulmonary artery is very close to
the superior vena cava, when it is moved to the neo-pulmonary root there will be collision
between these two blood vessels, which needs to be resolved.
Figure 7.12 illustrates the simulation of neo-pulmonary artery reconstruction. The
pulmonary artery was moved to the neo-pulmonary root, collision occurred between the
superior vena cava and the pulmonary artery. Resolving the collision resulted in the shape
change of the superior vena cava (Fig. 7.12(d)).
Figure 7.13 shows the complete result of ASO using the same heart and blood vessel
models as in Section 7.1, where the aorta was expanded and connected to the neo-aortic
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(a) (b) (c)
(d) (e) (f)
Figure 7.14: Extracardiac TCPC. (a) Input models. (b) Result of BDG. (c–f) Results
of extracardiac TCPC. The tube graft is made transparent in (f) to show the hole made
on the heart and the joins of the tube graft. AO: aorta. PA: pulmonary artery. SVC:
superior vena cava. IVC: inferior vena cava. The white tube model represents the tube
graft.
root, and the pulmonary artery was connected to the neo-pulmonary root.
7.4 Extracardiac TCPC
BDG (Section 7.2) is the common first stage of various total cavo-pulmonary connection
(TCPC) Fontan procedures. The followup stage of TCPC Fontan procedure can be per-
formed one or two years after BDG, according to the patient’s medical conditions. There
are many variations of TCPC Fontan procedures [GS04]. In this section, the extracardiac
TCPC procedure is simulated and illustrated.
In extracardiac TCPC, the stage after BDG is to create a tube graft to connect the
inferior vena cava (IVC), the bottom side of the right pulmonary artery (RPA), and the
right atrium. In this stage, the following low-level operations are performed (Fig. 7.14):
1. Transection on IVC
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2. Incision on the bottom side of the RPA
3. Incision on the right atrium to open a hole.
4. Connecting the tube graft to
• IVC with end-to-end join,
• RPA with end-to-side join, and
• right atrium with side-to-side join.
Although many low-level operations are required, our predictive simulation algorithm
requires only three input points indicating the position of IVC transection, the position
of RPA incision, and the center of the hole on the right atrium. A tube model is then
generated based on these input points, and is joined to the corresponding parts.
Figure 7.14 illustrates the simulation results of extracardiac TCPC. Given the input
heart and blood vessel models (Fig. 7.14(a)), BDG was first performed to connect the
SVC to the RPA (Fig. 7.14(b)). After that, three input points were provided, one on the
bottom side of RPA to indicate the incision point (Step 1), one on the IVC to indicate
the transection point (Step 2), and one on the surface of the right atrium to indicate the
center of the hole to be opened (Step 3). A straight tube graft model was then generated
and deformed to join with these three anatomical parts to complete extracardiac TCPC
(Step 4). Figure 7.14(c–e) show the result of extracardiac TCPC from three different
viewing angles. Figure 7.14(f) illustrates the hole on the right atrium that is connected
to the tube graft.
7.5 Norwood Procedure
As discussed in Chapter 4, Norwood procedure is a high-level surgical procedure that
contains the following four stages:
1. Transection of aorta and pulmonary artery.
2. Closure of pulmonary artery.
3. Reconstruction of neo-aorta.
4. Placement of a tube graft to connect aorta to pulmonary artery.
Among them, the first and third stages also appear in ASO (Section 7.3). The second stage
involves transection of the pulmonary artery and patching. The patch can be generated
by the same method used in aorta reconstruction. The fourth stage, placement of tube
graft, is similar to the last step of extracardiac TCPC, except that the size and the joining
counter parts of the tube graft are different. That is, the same set of simulation algorithms
can be applied to the simulation of Norwood procedure. It thus demonstrates the flexibility
and adaptability of the predictive simulation system.
Figure 7.14 illustrates the simulation results of Norwood procedure. Given the input
heart and blood vessel models (Fig. 7.15(a)), arterial transection was first performed
on the aorta and the pulmonary artery models (Fig. 7.15(b)). In the second stage, the
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(a) (b) (c)
(d) (e) (f)
Figure 7.15: Norwood procedure. (a) Initial configuration. (b) Arterial transection. (c)
Closure of pulmonary artery. (d) Neo-aorta reconstruction. (e, f) Tube graft placement.
AO: aorta. PA: pulmonary artery. SVC: superior vena cava.
pulmonary artery model was transected at the joint, and closed by patching (Fig. 7.15(c)).
After that, neo-aorta reconstruction was performed with the aorta model being expanded
(Fig. 7.15(d)). Finally, a tube graft model was generated and deformed to connect the
aorta model to the pulmonary artery model (Fig. 7.15(e, f)).
Chapter 8
Limitations and Future Work
The predictive simulation system described in this thesis can be extended and improved in
many aspects for more precise surgical planning and a wider range of surgical operations.
8.1 Deformation of Non-tubular Anatomies
This thesis presented a hybrid blood vessel model for physically correct modeling tubular
objects such as blood vessels and tube grafts. For non-tubular surfaces such as surface
patches, Laplacian model, an approximation of the thin shell model, is used. In both
models, the thickness of the surface is assumed to be small compared to the extent of the
object. So, it can be omitted. As a result, these models are inadequate for supporting
certain complex surgical operations.
For example, in some complex variations of ASO, the aorta is required to pass through
the pulmonary artery to achieve the switch by tunneling [GS04]. Similar operation occurs
in some variations of TCPC (Section 7.4), where the tube graft that connects the inferior
vena cava and the right pulmonary artery tunnels the heart chambers instead of passing
outside the heart as for extracardiac TCPC [GS04]. Accurate simulation of this tunneling
operation requires physically correct modeling of blood vessels and heart chambers with
non-negligible wall thickness.
One possibility is suggested by the double surface approach of [Mos04]. In their
method, a tissue surface is modeled by an outer surface model and an inner surface model
that are linked by spring dampers between them. This method is simple to implement
but suffers the shortcomings of mass spring model discussed in Section 3.2.1. Further
investigation is necessary to develop efficient and yet accurate thick-wall models of soft
tissue.
8.2 Parameter Tuning for Specifying Elastic Properties
Elastic properties need to be specified in the simulation system. They are important
for the accuracy of the simulation result. However, patient-specific elastic properties are
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very difficult to acquire because it requires bio-mechanical testing. Therefore, the current
system specifies the elastic properties by manually tuning them within the possible range
obtained from the Internet. This manual tuning method is tedious and not intuitive for
the surgeons to use. An improvement can be made by providing an intuitive GUI for the
user to vary the elastic properties, e.g., from very rigid to very elastic. Then, the surgeons
can easily tune the elastic properties of the deformable models to match their surgical
experience.
8.3 Quantitative Validation
Quantitative validation of the predictive simulation system is a challenging task. The
shape difference of preoperative and postoperative models can be attributed to four factors:
surgical operation, patient’s growth, timing of CT scan, and segmentation errors. This
thesis presented an initial attempt at quantitative validation by assuming that the growth
results in uniform scaling of the anatomy, whereas the other factors were omitted. The
validation results show that the postoperative models are thicker than the simulation
results, which may indicate that the blood vessels grow more quickly in their thickness
than length. Therefore, further research is necessary to better validate the predictive
simulation system, and to improve its clinical value.
8.4 Simulation and Analysis of Blood Flow
In this thesis, stretching, bending, and twisting of blood vessels and their surfaces were
measured to provide evaluation of predicted surgical outcomes. Besides these structural
evaluation, another important evaluation is blood flow and blood pressure analysis. This
is achieved by performing simulation of fluid structure interaction (FSI). Most of the
existing FSI models assume that the objects interacting with fluid are rigid, i.e., they do
not change shape. For flexible objects, this assumption is not valid. Flexible objects will
change shape in response to fluid pressure, which in turn changes the way fluid interacts
with the objects. A simple approach to handle object deformation in fluid interaction is
to interleave (1) the computation of object deformation given a fixed fluid state and (2)
the computation of the fluid state given a fixed object shape, and to iterate these two
stages until convergence. This process is in general very time-consuming because each of
these two stages involves an iterative optimisation process. A more efficient method is




This thesis developed a predictive simulation system for the preoperative planning of
cardiovascular surgeries. Given a small amount of user inputs that indicate the surgical
options, the system can accurately and efficiently predict the expected surgical results. It
facilitates the preoperative planning of complex cardiovascular surgeries by allowing the
surgeon to easily evaluate various surgical options in a short amount of time.
As most cardiovascular surgeries involve complex operations on the cardiac blood ves-
sels, the main task in developing the predictive simulation systems is to model the de-
formation of cardiac blood vessels in an accurate and efficient way. To achieve this goal,
this thesis developed a hybrid blood vessel model that consists of a Cosserat tree and a
Laplacian surface model. The Cosserat tree is a tree structure of Cosserat rods. It rep-
resents the global structure of the blood vessels, and explicitly models the global strains
of the blood vessels in a physically correct manner. The global strains, i.e., the global
stretching, bending, twisting and shearing of blood vessels, are the key characteristics in
evaluating the surgical options. In contrast, conventional deformable models such as FEM
[NMK∗05a] do not model global strains explicitly. The Laplacian surface model binds to
the reference Cosserat tree. It models the local surface stretching and bending energies of
the blood vessels using rotation-invariant Laplacian operators and spring energies respec-
tively. By combining the Cosserat tree and the Laplacian surface model, deformation of
blood vessel models can be achieved efficiently and accurately.
Experiments were conducted to evaluate the performance of the hybrid blood vessel
model. Test results show that the hybrid model deforms in a manner as do real elastic
tubes. The computational time of the hybrid model ranged from 5 to 20 seconds on a
normal PC, depending on the complexity of the simulated objects.
To simulate complex cardiovascular surgeries, a hierarchical approach is adopted to
model the surgical operations. Low-level basic surgical operations are accomplished by
mesh manipulations and deformation of the hybrid blood vessel model. Mid-level surgical
tasks are implemented as computational optimization algorithms, and high-level surgi-
cal procedures are accomplished by combining low-level mode manipulations, mid-level
algorithms, and possibly other high-level procedures.
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The predictive simulation system was tested on the heart and cardiac blood vessel
models reconstructed from patients’ CT images to evaluate its simulation results. Various
surgical procedures such neo-aorta reconstruction, ASO, BDG, extracardiac TCPC, and
Norwood procedure were tested. For each surgical procedure, different surgical options
were applied and evaluated to determine the optimal ones. The predicted optimal surgical
results serve as good references for the surgeon to plan surgerical procedures. Simulation
results that are visualized to be non-optimal alert the surgeon to the situations. The five
types of cardiovascular surgical procedures tested involve the typical surgical operations
that are common in other cardiovascular surgeries. Therefore, the predictive simulation
system should be applicable to simulate other complex cardiovascular surgeries.
Comparisons of the real postoperative CT data and the predicted optimal surgical
results were performed both qualitatively and quantitatively on the simulation results of
BDG. They showed that the simulated surgical results were close to the real postoperative
CT data in terms of both the global structure and the shape of the blood vessels.
In conclusion, this thesis contributes to
• The development of physically accurate and efficient algorithm for modeling blood
vessel deformation under surgical conditions.
• The analysis of surgical requirements and development of algorithms for predictive
simulation of cardiovascular surgical operations.
• The development of predictive simulation system for complex cardiovascular surgeries.
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A.1 Derivation of Strain Variables
From Eq. (6.3) and Eq. (6.4) we have
∂sdk = (u1d1 + u2d2 + u3d3)× dk
= u1d1 × dk + u2d2 × dk + u3d3 × dk.
(A.1)
For k = 1, 2, 3, multiplying Eq. (A.1) by d3, d1 and d2 respectively gives:
u2 = −d3 · ∂sd1, u3 = −d1 · ∂sd2, u1 = −d2 · ∂sd3. (A.2)




· ∂sq . (A.3)




































 · ∂sq‖q‖2 .
(A.4)
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where
a = sin ‖q‖/‖q‖ ,
b = (1− cos ‖q‖)/‖q‖2 ,
c = 1− a ,
d = 1− cos ‖q‖ .
(A.5)
Substituting Eq. (6.14), Eq. (6.15) and Eq. (A.4) into Eq. (6.10) gives the energy term
expressed by the variables {r(s),q(s)}.
A.2 Partial Differentiation of Cosserat Rod Potential En-
ergy
The partial differentiation of the Cosserat rod potential energy at s (Eq. (6.10)) with
































K(s) (v(s)− v0(s)) .
(A.6)
Therefore, to compute ∂EB(s)/∂r(s) and ∂EB(s)/∂q(s), we need to compute the Jacobian
matrices ∂v(s)/∂r(s), ∂v(s)/∂q(s), and ∂u(s)/∂q(s). For notation simplicity, we omit s
when there is no confusion.
Recall from Eq. (6.14) and Eq. (6.15) that:
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eq21q2 + hq1q3 + dw
2q2 eq1q
2
2 + hq2q3 + dw
2q1 hq
2
3 + eq1q2q3 + w
3 sinw
eq21q3 − hq1q2 + dw
2q3 −hq
2
2 + eq1q2q3 − w
3 sinw eq1q
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2q3 eq2q
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eq21q3 + hq1q2 + dw
2q3 hq
2
2 + eq1q2q3 + w
3 sinw eq1q
2
3 + hq2q3 + dw
2q1
−hq21 + eq1q2q3 − w
3 sinw eq22q3 − hq1q2 + dw
2q3 eq2q
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w = ‖q‖ ,
e = w sinw + 2 cosw − 2 ,
h = w2 cosw − w sinw ,
(A.10)
and a, b, c, d are defined as in Eq. (A.5).












































According to Eq. (A.4), the strains uk (k ∈ {1, 2, 3}) is:
uk = uˆk · ∂sq . (A.12)
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g = 3a− cosw − 2 ,
f1 = w
2 − 2q1w − q
2




2 − 2q2w − q
2




2 − 2q3w − q
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, for i ∈ {2, 3, ..., N}
∂sq1 = ∂sq2, ∂sr1 = ∂sr2 ,
where the rod is discretized into N − 1 segments and li is the segment length at rest
state, the derivatives ∂(∂sr)/∂r and ∂(∂sq)/∂q in Eq. (A.7) and Eq. (A.13) are 1/li for
i ∈ {2, 3, ..., N}, and −1/li+1 for i = 1.
The derivation and implementation of the closed-form formulae of partial differentia-
tion can be laborious and error-prone. An alternative way is to use automatic differenti-
ation [Wik10a]. This method creates derivative lookup tables for elementary operations
and combines the elementary derivatives using the chain rule to compute the derivatives
of the target function.
A.3 Quasi-Newton Optimization Algorithm
This thesis uses quasi-Newton algorithm implemented in [PTVF02] to achieve the opti-
mization of Cosserat tree energy. To use this algorithm, the functions of the potential
energy (Eq. (6.10)) and its gradient vector (Eq. (A.6)) should be provided. The unknown
vector x that represents the configuration of a Cosserat rod branch contains the position
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Given the unknown vector x, the functions of the potential energy and its gradient
vector, and a starting configuration, the quasi-Newton algorithm generates the deformed
configuration by computing a local minimum of the potential energy. To impose boundary
conditions for manipulating the Cosserat tree, the corresponding variables are directly
substituted by the specified boundary values in the evaluation of the potential energy and
the gradient vector. To ensure the local minimum is also the global minimum, the starting
configuration is required to be close to the deformed configuration. In our implementation,




B.1 Representation of Linear and Non-linear Constraints
B.1.1 Linear Constraints
In Eq. (6.33):
Eb = ‖Lx− u‖
2
2 ,










where pi = (xi, yi, zi)
⊤ and n is the number of mesh points.













As R(pi) is determined by the reference Cosserat tree and l
0(pi) is computed from the
initial configuration of the mesh, the vector u is known before computing the Laplacian
deformation.
The matrix L is a 3n×3n matrix that correlates the unknown vector x and the current
Laplacian operators of the mesh. For a mesh point p, each of the corresponding rows in
L contains the value 1 for p, wi for all the points pi connected to p (Eq. (6.30)), and 0
for the other elements. Then, the matrix multiplication Lx expands into the Laplacian
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operators of the unknown deformed coordinates of pi.
B.1.2 Non-linear Constraints
For non-linear constraints such as Eq. (6.34):






the alternative representation (Eq. (6.36)) is used:










This representation is used so that the non-linear terms for all the mesh points can be
assembled in a similar form as for the case of linear constraints. In this case,
Es = ‖Dx− s(x)‖
2
2 ,
where x is the same unknown vector as in Eq. (B.1). D is a 3l× 3n matrix that correlates
x to each dij = pi −pj , where l is the number of edges in the mesh. For each edge e that
connects point pi and pj , each of the corresponding rows in D contains 1 for pi, −1 for
pj , and 0 for the other elements.
The term s(x) differentiates the non-linear constraints from the linear constraints. It
is dependant on x. In the iterative solving process, the term s(x) can be approximated
by the previous state of x, such that the non-linear term can be pre-computed for each
iteration.
This representation helps to integrate the linear and non-linear constraints into the
same system. The solution of this system can be achieved efficiently using Gauss-Newton
method as described in Section B.2.
B.2 Laplacian Deformation Solving Procedure
The total surface energy to be minimized is (Eq. (6.41))
E = Eb + Es + Ex = |Kx− z(x)‖
2
2,
subject to possible hard constraints Eq. (7.2)
Hx = d . (B.3)
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This is a non-linear optimization problem with equality constraints (Eq. (B.3)). Since
the matrix K is fixed, the system can be solved iteratively using Gauss-Newton method,
collaborated with the equality-constrained least squares method described in [MYF06].
The first step is to incorporate the hard constraints into the optimization scheme.
Since our hard constraints are applied only on the vertices, and each vertex has at most
one hard constraint. The matrix H ∈ R3m×3n, with m the number of hard constraints
and n the number of vertices, has full rank. Typically, n > m. Each row of H is a vector
that has only one 1, and 0 elsewhere.
So H⊤ can be decomposed using QR decomposition as














Q is a 3n × 3n orthogonal matrix, I3m is a 3m × 3m identity matrix, Qr ∈ R
3n×3(n−m)
contains all the column vectors in the 3n× 3n identity matrix I3n that do not appear in
H⊤, and R ∈ R3n×3m. Thus, Eq. (B.3) becomes















= H⊤u+Qrv . (B.10)








where v is the only unknown and z is a non-linear vector function.
Eq. (B.11) is solved using iterative Gauss-Newton Method, which is also adapted in







where vk is the unknown at the k-th iteration, vk−1 is the solution from the previous
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where M = KQr. Since M is a fixed sparse symmetrical matrix, (M
⊤M)−1M⊤ can be
pre-computed. Then for each iteration the computation required is only a sparse matrix-
vector multiplication, which can be solved in O(n) time. In the current implementation,
the sparse matrix solver Taucs [TCR03] is used to compute the pseudoinverse of M for
efficient computation. Normally 10 iterations are applied to compute the x for Laplacian
deformation.
For incorporating more constraints such as the smooth join constraint (Eq. (7.3)),
more terms can be simply included to K and z in Eq. (B.4), while the solution procedure
remains the same. Therefore, it is very easy for this Laplacian deformation system to
incorporate additional geometrical constraints.
